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�7�K�L�V �W�K�H�V�L�V �L�V �D �W�H�V�W�D�P�H�Q�W �R�I �W�K�H �L�P�P�H�Q�V�H �D�P�R�X�Q�W �R�I �V�X�S�S�R�U�W �, �U�H�F�H�L�Y�H�G �I�U�R�P �P�\ �D�G�Y�L�V�R�U�V�� �P�H�Q�W�R�U�V��

�I�U�L�H�Q�G�V�� �D�Q�G �I�D�P�L�O�\ �W�K�U�R�X�J�K�R�X�W �W�K�H �J�U�D�G�X�D�W�H �V�F�K�R�R�O��

�, �K�D�Y�H �E�H�H�Q �H�[�W�U�H�P�H�O�\ �I�R�U�W�X�Q�D�W�H �W�R �K�D�Y�H �+�D�L�P �6�R�P�S�R�O�L�Q�V�N�\ �D�V �P�\ �G�L�V�V�H�U�W�D�W�L�R�Q �D�G�Y�L�V�R�U�� �R�U �P�R�U�H

�V�X�L�W�D�E�O�\�� �D�Q �D�F�D�G�H�P�L�F �I�D�W�K�H�U�� �/�H�D�U�Q�L�Q�J �I�U�R�P �+�D�L�P �G�X�U�L�Q�J �W�K�H �I�R�U�P�D�W�L�Y�H �\�H�D�U�V �R�I �P�\ �D�F�D�G�H�P�L�F �F�D�U�H�H�U

�Z�D�V �R�Q�H �R�I �W�K�H �E�H�V�W �W�K�L�Q�J�V �W�K�D�W �K�D�Y�H �K�D�S�S�H�Q�H�G �L�Q �P�\ �O�L�I�H�� �, �D�P �G�H�H�S�O�\ �L�Q�G�H�E�W�H�G �W�R �+�D�L�P�� �I�R�U �J�H�Q�H�U�R�X�V�O�\

�V�K�D�U�L�Q�J �K�L�V �N�Q�R�Z�O�H�G�J�H�� �L�G�H�D�V�� �I�H�H�G�E�D�F�N �D�Q�G �W�L�P�H �Z�L�W�K �P�H�� �D�Q�G �W�H�D�F�K�L�Q�J �P�H �E�\ �H�[�D�P�S�O�H �K�R�Z �W�R �S�L�F�N

�D�Q�G �D�V�N �L�Q�W�H�U�H�V�W�L�Q�J �V�F�L�H�Q�W�L�¹�­�F �T�X�H�V�W�L�R�Q�V �D�Q�G �W�X�U�Q�L�Q�J �W�K�H�P �L�Q�W�R �V�R�O�Y�D�E�O�H �R�Q�H�V�� �0�R�V�W �L�P�S�R�U�W�D�Q�W�O�\�� �, �D�P

�W�K�D�Q�N�I�X�O �W�R �+�D�L�P �I�R�U �V�K�R�Z�L�Q�J �P�H �W�K�H �M�R�\ �D�Q�G �I�X�Q �L�Q �O�L�I�H �G�H�G�L�F�D�W�H�G �W�R �V�F�L�H�Q�F�H��

�, �D�P �D�O�V�R �G�H�H�S�O�\ �W�K�D�Q�N�I�X�O �W�R �'�D�Q�L�H�O �'�� �/�H�H�� �Z�K�R�P �, �K�D�G �D�Q �K�R�Q�R�U �W�R �Z�R�U�N �Z�L�W�K�� �R�Q �P�R�V�W �R�I �W�K�H

�Z�R�U�N �S�U�H�V�H�Q�W�H�G �L�Q �W�K�L�V �W�K�H�V�L�V�� �, �K�D�Y�H �O�H�D�U�Q�H�G �D �O�R�W �D�E�R�X�W �I�R�U�P�X�O�D�W�L�Q�J �D �S�U�R�E�O�H�P �L�Q�W�R �D �P�D�W�K�H�P�D�W�L�F�D�O�O�\
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�J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �L�V �F�R�P�S�O�L�F�D�W�H�G�� �D�O�V�R �W�K�H �H�U�U�R�U �G�H�S�H�Q�G�V �R�Q �W�K�H �D�V�V�X�P�H�G �V�D�P�S�O�L�Q�J �P�H�D�V�X�U�H �R�Q �W�K�H

�P�D�Q�L�I�R�O�G ���Z�K�H�U�H�D�V �W�K�H �V�H�S�D�U�D�E�L�O�L�W�\ �S�U�R�E�O�H�P �L�V �P�H�D�V�X�U�H �L�Q�Y�D�U�L�D�Q�W���� �+�R�Z�H�Y�H�U�� �L�Q �W�K�H �F�D�V�H �R�I �O�L�Q�H�D�U�O�\

�V�H�S�D�U�D�E�O�H �P�D�Q�L�I�R�O�G�V �Z�L�W�K �K�L�J�K�? �Z�H �F�D�Q �X�V�H �W�K�H �L�Q�V�L�J�K�W �I�U�R�P �W�K�H �D�E�R�Y�H �W�K�H�R�U�\ ���W�K�H �Q�R�W�L�R�Q�V �R�I �H�¸�I�H�F�W�L�Y�H

�G�L�P�H�Q�V�L�R�Q�V �D�Q�G �U�D�G�L�L�� �W�R �G�H�U�L�Y�H �D �S�D�U�W�L�F�X�O�D�U�O�\ �V�L�P�S�O�H �D�S�S�U�R�[�L�P�D�W�L�R�Q�� �$�V�V�X�P�H" �L�V �V�X�F�K �W�K�D�W �W�K�H �I�X�O�O

�P�D�Q�L�I�R�O�G�V �D�U�H �O�L�Q�H�D�U�O�\ �V�H�S�D�U�D�E�O�H �Z�L�W�K �D �P�D�[ �P�D�U�J�L�Q#�� �7�K�H�Q �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �Z�L�O�O �H�Y�H�Q�W�X�D�O�O�\

�Y�D�Q�L�V�K �D�V �P�R�U�H �V�D�P�S�O�H�V �S�H�U �P�D�Q�L�I�R�O�G ���h �� �D�U�H �S�U�H�V�H�Q�W�H�G�� �,�Q �W�K�H �O�L�P�L�W �R�I �O�D�U�J�H�h �� �Z�H �R�E�W�D�L�Q��

$�b(�h) *
exp[! #

(
�ælog �h]

�h
������������

�,�Q�W�H�U�H�V�W�L�Q�J�O�\�� �W�K�L�V �G�H�F�D�\ �L�V �I�D�V�W�H�U �W�K�D�Q �W�K�H �J�H�Q�H�U�L�F �S�R�Z�H�U �O�D�Z��$�b(�h) * �h! �ù�R�I �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �E�R�X�Q�G�V

�L�Q �O�L�Q�H�D�U�O�\ �V�H�S�D�U�D�E�O�H �S�U�R�E�O�H�P �D�Q�G �U�H�º�¾�H�F�W�V �W�K�H �S�U�H�V�H�Q�F�H �R�I �¹�­�Q�L�W�H �P�D�U�J�L�Q �R�I �W�K�H �H�Q�W�L�U�H �P�D�Q�L�I�R�O�G�� �:�H �D�O�V�R

�G�L�V�F�X�V�V �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �R�I �V�X�E�V�D�P�S�O�H�G �P�D�Q�L�I�R�O�G�V �L�Q �W�K�H �F�D�V�H �Z�K�H�U�H �W�K�H �I�X�O�O �P�D�Q�L�I�R�O�G�V �D�U�H �Q�R�W

�O�L�Q�H�D�U�O�\ �V�H�S�D�U�D�E�O�H��

���� �$�S�S�O�L�F�D�W�L�R�Q �W�R �'�H�H�S �1�H�W�Z�R�U�N�V���:�H �F�O�R�V�H �W�K�L�V �V�H�F�W�L�R�Q �E�\ �D�S�S�O�\�L�Q�J �V�R�P�H �R�I �W�K�H �W�K�H�R�U�H�W�L�F�D�O �F�R�Q�F�H�S�W�V

�W�R �'�H�H�S �1�H�W�Z�R�U�N�V �W�U�D�L�Q�H�G �W�R �S�H�U�I�R�U�P �Y�L�V�X�D�O �R�E�M�H�F�W �U�H�F�R�J�Q�L�W�L�R�Q �W�D�V�N�V�� �:�H �V�K�R�Z �K�R�Z �W�K�H �W�K�H�R�U�\ �F�D�Q

�E�H �X�V�H�G �W�R �F�K�D�U�D�F�W�H�U�L�]�H �W�K�H �F�K�D�Q�J�H �L�Q �W�K�H �J�H�R�P�H�W�U�\ �R�I �W�K�H �P�D�Q�L�I�R�O�G�V�� �D�Q�G �F�K�D�Q�J�H�V �L�Q �W�K�H �P�D�Q�L�I�R�O�G

�F�R�U�U�H�O�D�W�L�R�Q �V�W�U�X�F�W�X�U�H �D�W �G�L�¸�I�H�U�H�Q�W �V�W�D�J�H�V �R�I �W�K�H �Q�H�W�Z�R�U�N ���X�V�L�Q�J �,�P�D�J�H�1�H�W���� �D�V �D�Q �H�[�D�P�S�O�H����

����
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�,�Q �W�K�L�V �W�K�H�V�L�V�� �Z�H �J�H�Q�H�U�D�O�L�]�H�G �*�D�U�G�Q�H�U�#�V �W�K�H�R�U�\ �R�I �O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �S�R�L�Q�W�V �W�R �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I

�J�H�Q�H�U�D�O �U�D�Q�G�R�P�O�\ �R�U�L�H�Q�W�H�G �O�R�Z �G�L�P�H�Q�V�L�R�Q�D�O �P�D�Q�L�I�R�O�G�V�� �7�K�H �W�K�H�R�U�\�� �H�[�D�F�W �L�Q �W�K�H �W�K�H�U�P�R�G�\�Q�D�P�L�F �O�L�P�L�W��

�G�H�V�F�U�L�E�H�V �W�K�H �U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �G�H�W�D�L�O�H�G �J�H�R�P�H�W�U�\ �R�I �W�K�H �F�R�Q�Y�H�[ �K�X�O�O�V �R�I �W�K�H �G�D�W�D �P�D�Q�L�I�R�O�G�V �D�Q�G �W�K�H

�D�E�L�O�L�W�\ �W�R �O�L�Q�H�D�U�O�\ �F�O�D�V�V�L�I�\ �W�K�H�P�� �7�K�H �S�U�R�E�O�H�P �V�L�P�S�O�L�¹�­�H�V �F�R�Q�V�L�G�H�U�D�E�O�\ �Z�K�H�Q �W�K�H �P�D�Q�L�I�R�O�G �G�L�P�H�Q�V�L�R�Q

�L�V �K�L�J�K�� �,�Q �W�K�L�V �O�L�P�L�W�� �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �S�U�R�S�H�U�W�L�H�V �G�H�S�H�Q�G �R�Q �W�Z�R �J�H�R�P�H�W�U�L�F �S�D�U�D�P�H�W�H�U�V �R�I �W�K�H �F�R�Q�Y�H�[

�K�X�O�O�V�� �W�K�H �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q�?�H �D�Q�G �H�¸�I�H�F�W�L�Y�H �U�D�G�L�X�V�M�H�� �,�Q �K�L�J�K �G�L�P�H�Q�V�L�R�Q�D�O �P�D�Q�L�I�R�O�G �Z�L�W�K �V�P�D�O�O

�V�L�]�H�V�� �F�D�S�D�F�L�W�\ �G�H�S�H�Q�G�V �R�Q�M�H �D�Q�G�?�H �P�D�L�Q�O�\ �W�K�U�R�X�J�K �W�K�H �V�F�D�O�L�Q�J �U�H�O�D�W�L�R�Q�M�H
(

�?�H�� �7�K�L�V �T�X�D�Q�W�L�W�\ �L�V

�U�H�O�D�W�H�G �W�R �W�K�H �Z�H�O�O �N�Q�R�Z�Q �*�D�X�V�V�L�D�Q �0�H�D�Q �:�L�G�W�K �R�I �F�R�Q�Y�H�[ �E�R�G�L�H�V�� �2�S�W�L�P�D�O �V�R�O�X�W�L�R�Q �H�[�K�L�E�L�W�V �V�X�S�S�R�U�W

�P�D�Q�L�I�R�O�G �V�W�U�X�F�W�X�U�H�V �Z�L�W�K �S�R�W�H�Q�W�L�D�O �F�R�Q�V�H�T�X�H�Q�F�H�V �I�R�U �Q�R�L�V�H �U�R�E�X�V�W�Q�H�V�V�� �:�H �G�H�Y�H�O�R�S�H�G �D �Q�R�Y�H�O �H�¸�¹�­�F�L�H�Q�W

�W�U�D�L�Q�L�Q�J �D�O�J�R�U�L�W�K�P�� �W�K�H �0�D�[�L�P�X�P �0�D�U�J�L�Q �0�D�Q�L�I�R�O�G �0�D�F�K�L�Q�H�V�� �I�R�U �¹�­�Q�G�L�Q�J �W�K�H �P�D�[�L�P�X�P �P�D�U�J�L�Q �V�R�O�X��

�W�L�R�Q �I�R�U �F�O�D�V�V�L�I�\�L�Q�J �P�D�Q�L�I�R�O�G�V �Z�L�W�K �X�Q�F�R�X�Q�W�D�E�O�H �Q�X�P�E�H�U �R�I �W�U�D�L�Q�L�Q�J �V�D�P�S�O�H�V�� �D�Q�G �S�U�R�Y�L�G�H �F�R�Q�Y�H�U�J�H�Q�F�H

�S�U�R�R�I �Z�L�W�K �S�R�O�\�Q�R�P�L�D�O �E�R�X�Q�G�V �R�Q �W�K�H �Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V �U�H�T�X�L�U�H�G �I�R�U �F�R�Q�Y�H�U�J�H�Q�F�H�� �2�X�U �W�K�H�R�U�\ �K�D�V

�E�H�H�Q �H�[�W�H�Q�G�H�G �W�R �L�Q�F�R�U�S�R�U�D�W�H �F�R�U�U�H�O�D�W�L�R�Q�V �L�Q �W�K�H �P�D�Q�L�I�R�O�G�V�� �P�L�[�W�X�U�H�V �R�I �V�K�D�S�H�V�� �V�S�D�U�V�H �F�R�G�L�Q�J�� �Q�R�Q��

�O�L�Q�H�D�U �S�U�R�F�H�V�V�L�Q�J �V�X�F�K �D�V �P�X�O�W�L�O�D�\�H�U �Q�H�W�Z�R�U�N �R�U �N�H�U�Q�H�O �I�U�D�P�H�Z�R�U�N�� �D�V �Z�H�O�O �D�V �D�Q �D�Q�D�O�\�V�L�V �R�I �P�D�Q�L�I�R�O�G

�J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U�� �:�L�W�K �W�K�H�V�H �H�[�W�H�Q�V�L�R�Q�V�� �R�X�U �W�K�H�R�U�\ �S�U�R�Y�L�G�H�V �T�X�D�O�L�W�D�W�L�Y�H �D�Q�G �T�X�D�Q�W�L�W�D�W�L�Y�H �P�H�D�V�X�U�H�V

�I�R�U �D�V�V�H�V�V�L�Q�J �W�K�H �D�E�L�O�L�W�\ �W�R �G�H�F�R�G�H �R�E�M�H�F�W �L�Q�I�R�U�P�D�W�L�R�Q �I�U�R�P �W�K�H �G�L�¸�I�H�U�H�Q�W �V�W�D�J�H�V �R�I �'�H�H�S �E�L�R�O�R�J�L�F�D�O �D�Q�G

�D�U�W�L�¹�­�F�L�D�O �Q�H�X�U�D�O �Q�H�W�Z�R�U�N�V��

�2�Q�J�R�L�Q�J �Z�R�U�N �L�Q�F�O�X�G�H�V �V�X�J�J�H�V�W�L�Q�J �G�H�V�L�J�Q �S�U�L�Q�F�L�S�O�H�V �I�R�U �G�H�H�S �Q�H�W�Z�R�U�N�V �E�\ �W�D�N�L�Q�J �L�Q�W�R �D�F�F�R�X�Q�W �W�K�H

�Q�H�W�Z�R�U�N �V�L�]�H�� �G�L�P�H�Q�V�L�R�Q�� �V�S�D�U�V�L�W�\�� �D�V �Z�H�O�O �D�V �U�R�O�H �R�I �Q�R�Q�O�L�Q�H�D�U�L�W�L�H�V �L�Q �U�H�I�R�U�P�D�W�W�L�Q�J �R�I �W�K�H �P�D�Q�L�I�R�O�G�V

�V�X�F�K �W�K�D�W �W�K�H �F�D�S�D�F�L�W�\ �L�V �L�Q�F�U�H�D�V�H�G�� �:�K�H�W�K�H�U �P�D�Q�L�I�R�O�G �F�D�S�D�F�L�W�\ �F�D�Q �E�H �X�V�H�G �D�V �D�Q �R�E�M�H�F�W �I�X�Q�F�W�L�R�Q �R�I �W�K�H

�W�U�D�L�Q�L�Q�J �R�I �D �Q�H�W�Z�R�U�N �L�V �D�Q �L�Q�W�H�U�H�V�W�L�Q�J �T�X�H�V�W�L�R�Q �W�R �S�X�U�V�X�H�� �:�H �D�U�H �H�[�S�O�R�U�L�Q�J �D�S�S�O�L�F�D�W�L�R�Q�V �R�I �R�X�U �W�K�H�R�U�\

�R�Q �V�H�Y�H�U�D�O �Q�H�X�U�D�O �G�D�W�D �E�D�V�H�V �I�U�R�P �,�7 �D�Q�G �R�W�K�H�U �D�U�H�D�V �L�Q �Y�L�V�X�D�O �F�R�U�W�H�[�� �U�H�V�S�R�Q�G�L�Q�J �W�R �G�L�¸�I�H�U�H�Q�W �R�E�M�H�F�W

�V�W�L�P�X�O�L �Z�L�W�K �D �Y�D�U�L�H�W�\ �R�I �S�K�\�V�L�F�D�O �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V�� �:�H �K�R�S�H �W�K�D�W �R�X�U �W�K�H�R�U�\ �Z�L�O�O �S�U�R�Y�L�G�H �Q�H�Z �L�Q�V�L�J�K�W�V

�L�Q�W�R �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �S�U�L�Q�F�L�S�O�H�V �X�Q�G�H�U�O�\�L�Q�J �S�U�R�F�H�V�V�L�Q�J �R�I �V�H�Q�V�R�U�\ �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �L�Q �W�K�H �E�U�D�L�Q�� �$�V

�P�D�Q�L�I�R�O�G �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �R�I �W�K�H �V�H�Q�V�R�U�\ �Z�R�U�O�G �D�U�H �X�E�L�T�X�L�W�R�X�V �L�Q �E�R�W�K �E�L�R�O�R�J�L�F�D�O �D�Q�G �D�U�W�L�¹�­�F�L�D�O �Q�H�X�U�D�O

�V�\�V�W�H�P�V�� �H�[�F�L�W�L�Q�J �I�X�W�X�U�H �Z�R�U�N �O�L�H�V �D�K�H�D�G��
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�+�L�J�K���O�H�Y�H�O �S�H�U�F�H�S�W�L�R�Q �L�Q �W�K�H �E�U�D�L�Q �L�Q�Y�R�O�Y�H�V �F�O�D�V�V�L�I�\�L�Q�J �R�U �L�G�H�Q�W�L�I�\�L�Q�J �R�E�M�H�F�W�V �Z�K�L�F�K �D�U�H �U�H�S�U�H�V�H�Q�W�H�G �E�\

�F�R�Q�W�L�Q�X�R�X�V �P�D�Q�L�I�R�O�G�V �R�I �Q�H�X�U�R�Q�D�O �V�W�D�W�H�V �L�Q �D�O�O �V�W�D�J�H�V �R�I �V�H�Q�V�R�U�\ �K�L�H�U�D�U�F�K�L�H�V���������§���� �(�D�F�K �V�W�D�W�H �L�Q �D�Q �R�E��

�M�H�F�W �P�D�Q�L�I�R�O�G �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �Y�H�F�W�R�U �R�I �¹�­�U�L�Q�J �U�D�W�H�V �R�I �U�H�V�S�R�Q�V�H�V �W�R �D �S�D�U�W�L�F�X�O�D�U �Y�D�U�L�D�Q�W �R�I �S�K�\�V�L�F�D�O

�D�W�W�U�L�E�X�W�H�V �Z�K�L�F�K �G�R �Q�R�W �F�K�D�Q�J�H �R�E�M�H�F�W�#�V �L�G�H�Q�W�L�W�\�� �H���J���� �L�Q�W�H�Q�V�L�W�\�� �O�R�F�D�W�L�R�Q�� �V�F�D�O�H�� �D�Q�G �R�U�L�H�Q�W�D�W�L�R�Q�� �,�W

�K�D�V �E�H�H�Q �K�\�S�R�W�K�H�V�L�]�H�G �W�K�D�W �R�E�M�H�F�W �L�G�H�Q�W�L�W�\ �F�D�Q �E�H �G�H�F�R�G�H�G �I�U�R�P �K�L�J�K �O�H�Y�H�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V�� �E�X�W �Q�R�W

�I�U�R�P �O�R�Z �O�H�Y�H�O �R�Q�H�V�� �E�\ �V�L�P�S�O�H �G�R�Z�Q�V�W�U�H�D�P �U�H�D�G�R�X�W �Q�H�W�Z�R�U�N�V���������������������§������ �$ �S�D�U�W�L�F�X�O�D�U�O�\ �V�L�P�S�O�H �G�H�F�R�G�H�U

�L�V �W�K�H �S�H�U�F�H�S�W�U�R�Q�� �Z�K�L�F�K �S�H�U�I�R�U�P�V �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �E�\ �W�K�U�H�V�K�R�O�G�L�Q�J �D �O�L�Q�H�D�U �Z�H�L�J�K�W�H�G �V�X�P �R�I �L�W�V �L�Q�S�X�W

�D�F�W�L�Y�L�W�L�H�V������������ �+�R�Z�H�Y�H�U�� �L�W �L�V �X�Q�F�O�H�D�U �Z�K�D�W �P�D�N�H�V �F�H�U�W�D�L�Q �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �Z�H�O�O �V�X�L�W�H�G �I�R�U �L�Q�Y�D�U�L�D�Q�W �G�H��

�F�R�G�L�Q�J �E�\ �V�L�P�S�O�H �U�H�D�G�R�X�W�V �V�X�F�K �D�V �S�H�U�F�H�S�W�U�R�Q�V�� �6�L�P�L�O�D�U �T�X�H�V�W�L�R�Q�V �D�S�S�O�\ �W�R �W�K�H �K�L�H�U�D�U�F�K�\ �R�I �D�U�W�L�¹�­�F�L�D�O

�G�H�H�S �Q�H�X�U�D�O �Q�H�W�Z�R�U�N�V �I�R�U �R�E�M�H�F�W �U�H�F�R�J�Q�L�W�L�R�Q�����������§������ �7�K�X�V�� �D �F�R�P�S�O�H�W�H �W�K�H�R�U�\ �R�I �S�H�U�F�H�S�W�L�R�Q �U�H�T�X�L�U�H�V

�F�K�D�U�D�F�W�H�U�L�]�L�Q�J �W�K�H �D�E�L�O�L�W�\ �R�I �O�L�Q�H�D�U �U�H�D�G�R�X�W �Q�H�W�Z�R�U�N�V �W�R �F�O�D�V�V�L�I�\ �R�E�M�H�F�W�V �I�U�R�P �Y�D�U�L�D�E�O�H �Q�H�X�U�D�O �U�H�V�S�R�Q�V�H�V

�L�Q �W�K�H�L�U �X�S�V�W�U�H�D�P �O�D�\�H�U��

�$ �W�K�H�R�U�H�W�L�F�D�O �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�I �W�K�H �S�H�U�F�H�S�W�U�R�Q �Z�D�V �S�L�R�Q�H�H�U�H�G �E�\ �(�O�L�]�D�E�H�W�K �*�D�U�G�Q�H�U �Z�K�R �I�R�U�P�X��

�O�D�W�H�G �L�W �D�V �D �V�W�D�W�L�V�W�L�F�D�O �P�H�F�K�D�Q�L�F�V �S�U�R�E�O�H�P �D�Q�G �D�Q�D�O�\�]�H�G �L�W �X�V�L�Q�J �U�H�S�O�L�F�D �W�K�H�R�U�\���������§������ �,�Q �W�K�L�V �Z�R�U�N�� �Z�H

�J�H�Q�H�U�D�O�L�]�H �W�K�H �V�W�D�W�L�V�W�L�F�D�O �P�H�F�K�D�Q�L�F�D�O �D�Q�D�O�\�V�L�V �D�Q�G �H�V�W�D�E�O�L�V�K �D �W�K�H�R�U�\ �R�I �O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �P�D�Q�L�I�R�O�G�V

�V�\�Q�W�K�H�V�L�]�L�Q�J �V�W�D�W�L�V�W�L�F�D�O �D�Q�G �J�H�R�P�H�W�U�L�F �S�U�R�S�H�U�W�L�H�V �R�I �K�L�J�K �G�L�P�H�Q�V�L�R�Q�D�O �V�L�J�Q�D�O�V�� �:�H �D�S�S�O�\ �W�K�H �W�K�H�R�U�\ �W�R

����



�V�L�P�S�O�H �F�O�D�V�V�H�V �R�I �P�D�Q�L�I�R�O�G�V �D�Q�G �V�K�R�Z �K�R�Z �F�K�D�Q�J�H�V �L�Q �W�K�H �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\�� �V�L�]�H�� �D�Q�G �V�K�D�S�H �R�I �W�K�H �R�E�M�H�F�W

�P�D�Q�L�I�R�O�G�V �D�¸�I�H�F�W �W�K�H�L�U �U�H�D�G�R�X�W �E�\ �G�R�Z�Q�V�W�U�H�D�P �S�H�U�F�H�S�W�U�R�Q�V��

�‘�:�• ���b�m�; �"�;�]�l�;�m�|�v

�2�Q�H���G�L�P�H�Q�V�L�R�Q�D�O �R�E�M�H�F�W �P�D�Q�L�I�R�O�G�V �D�U�L�V�H �Q�D�W�X�U�D�O�O�\ �I�U�R�P �Y�D�U�L�D�W�L�R�Q �R�I �V�W�L�P�X�O�X�V �L�Q�W�H�Q�V�L�W�\�� �V�X�F�K �D�V �Y�L�V�X�D�O

�F�R�Q�W�U�D�V�W�� �Z�K�L�F�K �O�H�D�G�V �W�R �D�S�S�U�R�[�L�P�D�W�H �O�L�Q�H�D�U �P�R�G�X�O�D�W�L�R�Q �R�I �W�K�H �Q�H�X�U�R�Q�D�O �U�H�V�S�R�Q�V�H�V �R�I �H�D�F�K �R�E�M�H�F�W�� �:�H

�P�R�G�H�O �W�K�H�V�H �P�D�Q�L�I�R�O�G�V �D�V �O�L�Q�H �V�H�J�P�H�Q�W�V �D�Q�G �F�R�Q�V�L�G�H�U �F�O�D�V�V�L�I�\�L�Q�J�K�V�X�F�K �V�H�J�P�H�Q�W�V �L�Q�I �G�L�P�H�Q�V�L�R�Q�V��

�H�[�S�U�H�V�V�H�G �D�V
2

�[µ�å + �M�n�Xµ
3

��! �ù% �n% �ù��µ = �ù, ..., �K�� �7�K�H�I ���G�L�P�H�Q�V�L�R�Q�D�O �Y�H�F�W�R�U�V�[µ + R�I

�D�Q�G�Xµ + R�I �G�H�Q�R�W�H �U�H�V�S�H�F�W�L�Y�H�O�\�� �W�K�H�F�H�Q�W�H�U�V�D�Q�G�G�L�U�H�F�W�L�R�Q�V�R�I �W�K�Hµ���W�K �V�H�J�P�H�Q�W�� �D�Q�G �W�K�H �V�F�D�O�D�U�n

�S�D�U�D�P�H�W�H�U�L�]�H�V �W�K�H �F�R�Q�W�L�Q�X�X�P �R�I �S�R�L�Q�W�V �D�O�R�Q�J �W�K�H �V�H�J�P�H�Q�W�� �7�K�H �S�D�U�D�P�H�W�H�U�M�P�H�D�V�X�U�H�V �W�K�H �H�[�W�H�Q�W �R�I

�W�K�H �V�H�J�P�H�Q�W�V �U�H�O�D�W�L�Y�H �W�R �W�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �F�H�Q�W�H�U�V ���)�L�J������������

�:�H �V�H�H�N �W�R �S�D�U�W�L�W�L�R�Q �W�K�H �G�L�¸�I�H�U�H�Q�W �O�L�Q�H �V�H�J�P�H�Q�W�V �L�Q�W�R �W�Z�R �F�O�D�V�V�H�V �G�H�¹�­�Q�H�G �E�\ �E�L�Q�D�U�\ �O�D�E�H�O�V�tµ = ± �ù

�� �7�R �F�O�D�V�V�L�I�\ �W�K�H �V�H�J�P�H�Q�W�V�� �D �Z�H�L�J�K�W �Y�H�F�W�R�U�Z + R �I �P�X�V�W �R�E�H�\�tµ �Zá(�[µ + �M�n�Xµ) " # �I�R�U �D�O�Oµ �D�Q�G

�n�� �7�K�H �S�D�U�D�P�H�W�H�U# " �å�L�V �N�Q�R�Z�Q �D�V �W�K�H �P�D�U�J�L�Q�� �L�Q �J�H�Q�H�U�D�O�� �D �O�D�U�J�H�U# �L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �S�H�U�F�H�S�W�U�R�Q

�V�R�O�X�W�L�R�Q �Z�L�O�O �E�H �P�R�U�H �U�R�E�X�V�W �W�R �Q�R�L�V�H �D�Q�G �G�L�V�S�O�D�\ �E�H�W�W�H�U �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �S�U�R�S�H�U�W�L�H�V���� �+�H�Q�F�H�� �Z�H �D�U�H

�L�Q�W�H�U�H�V�W�H�G �L�Q �P�D�[�L�P�X�P �P�D�U�J�L�Q �V�R�O�X�W�L�R�Q�V�� �L���H���� �Z�H�L�J�K�W �Y�H�F�W�R�U�V�Z�W�K�D�W �\�L�H�O�G �W�K�H �P�D�[�L�P�X�P �S�R�V�V�L�E�O�H �Y�D�O�X�H

�I�R�U#�� �6�L�Q�F�H �O�L�Q�H �V�H�J�P�H�Q�W�V �D�U�H �F�R�Q�Y�H�[�� �R�Q�O�\ �W�K�H �H�Q�G�S�R�L�Q�W�V �R�I �H�D�F�K �O�L�Q�H �V�H�J�P�H�Q�W �Q�H�H�G �W�R �E�H �F�K�H�F�N�H�G��

�Q�D�P�H�O�\min �cµ�å ± �M�cµ = �cµ�å ! �M|�cµ | " # �Z�K�H�U�H�cµ�å = ||�Z||! �ù�tµ �Zá�[µ �D�U�H �W�K�H �¹�­�H�O�G�V �L�Q�G�X�F�H�G �E�\

�W�K�H �F�H�Q�W�H�U�V �D�Q�G�cµ = ||�Z||! �ù�tµ �Zá�Xµ �D�U�H �W�K�H �¹�­�H�O�G�V �L�Q�G�X�F�H�G �E�\ �W�K�H �O�L�Q�H �G�L�U�H�F�W�L�R�Q�V��

�‘�:�•�:�• �!�;�r�t�b�1�- �$�_�;�o�u�‹

�7�K�H �H�[�L�V�W�H�Q�F�H �R�I �D �Z�H�L�J�K�W �Y�H�F�W�R�U�Z�W�K�D�W �F�D�Q �V�X�F�F�H�V�V�I�X�O�O�\ �F�O�D�V�V�L�I�\ �W�K�H �O�L�Q�H �V�H�J�P�H�Q�W�V �G�H�S�H�Q�G�V �X�S�R�Q �W�K�H

�V�W�D�W�L�V�W�L�F�V �R�I �W�K�H �V�H�J�P�H�Q�W�V�� �:�H �F�R�Q�V�L�G�H�U �U�D�Q�G�R�P �O�L�Q�H �V�H�J�P�H�Q�W�V �Z�K�H�U�H �W�K�H �F�R�P�S�R�Q�H�Q�W�V �R�I�[µ �D�Q�G�Xµ

�D�U�H �L���L���G�� �*�D�X�V�V�L�D�Q�V �Z�L�W�K �]�H�U�R �P�H�D�Q �D�Q�G �X�Q�L�W �Y�D�U�L�D�Q�F�H�� �D�Q�G �U�D�Q�G�R�P �E�L�Q�D�U�\ �O�D�E�H�O�V�tµ �� �:�H �V�W�X�G�\ �W�K�H

�W�K�H�U�P�R�G�\�Q�D�P�L�F �O�L�P�L�W �Z�K�H�U�H �W�K�H �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\�I # $ �D�Q�G �Q�X�P�E�H�U �R�I �V�H�J�P�H�Q�W�V�K # $ �Z�L�W�K

�¹�­�Q�L�W�H" = �K/ �I �D�Q�G�M�� �)�R�O�O�R�Z�L�Q�J �*�D�U�G�Q�H�U�� �Z�H �F�R�P�S�X�W�H �W�K�H �D�Y�H�U�D�J�H �R�Ilog �Q�Z�K�H�U�H�Q�L�V �W�K�H �Y�R�O�X�P�H

����



�
�b�]�†�u�; �‘�:�•�9�P�-�Q ���b�m�;�-�u �1�t�-�v�v�b�C�1�-	ž�o�m �o�= �r�o�b�m�|�v�: �P�v�o�t�b�7�Q �r�o�b�m�|�v �o�m �|�_�; �l�-�u�]�b�m�7 �P�v�|�u�b�r�;�7�Q �b�m�|�;�u�m�-�t �r�o�b�m�|�v�: �P�0�Q ���b�m�;�-�u �1�t�-�v�v�b�C�1�-	ž�o�m

�o�= �t�b�m�; �v�;�]�l�;�m�|�v�: �P�v�o�t�b�7�Q �t�b�m�;�v �;�l�0�;�7�7�;�7 �b�m �|�_�; �l�-�u�]�b�m�7 �P�7�o�‚�;�7�Q �t�b�m�;�v �|�o�†�1�_�b�m�] �|�_�; �l�-�u�]�b�m�7 �P�v�|�u�b�r�;�7�Q �b�m�|�;�u�b�o�u �t�b�m�;�v�: �P�1�Q

���-�r�-�1�b�|�‹" = �K/ �I �o�= �- �m�;�|�‰�o�u�h�I = �æ�å�å�-�v �- �=�†�m�1	ž�o�m �o�=�M�‰�b�|�_ �l�-�u�]�b�m�v# = �å�P�u�;�7�Q �-�m�7# = �å.�é�P�0�t�†�;�Q�:

�$�_�;�o�u�;	ž�1�-�t �r�u�;�7�b�1	ž�o�m�v �P�t�b�m�;�v�Q �-�m�7 �m�†�l�;�u�b�1�-�t �v�b�l�†�t�-	ž�o�m �P�l�-�u�h�;�u�v�7 �v�;�; ���r�r�;�m�7�b�Š �=�o�u �7�;�|�-�b�t�v�Q �-�u�; �v�_�o�‰�m�: �P�7�Q �
�u�-�1	ž�o�m �o�=

�7�b�@�;�u�;�m�| �t�b�m�; �1�o�m�C�]�†�u�-	ž�o�m�v �-�| �1�-�r�-�1�b�|�‹ �‰�b�|�_# = �å�: �P�u�;�7�Q �t�b�m�;�v �b�m �|�_�; �l�-�u�]�b�m�7 �P�0�t�†�;�Q �t�b�m�;�v �|�o�†�1�_�b�m�] �|�_�; �l�-�u�]�b�m�7 �P�0�t�-�1�h�Q

�b�m�|�;�u�m�-�t �t�b�m�;�v�:
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�R�I �W�K�H �V�S�D�F�H �R�I �S�H�U�F�H�S�W�U�R�Q �V�R�O�X�W�L�R�Q�V��

�Q=
'

#�Z#�æ= �I
�_�I �Z

�K,

µ= �ù

� 
4
�cµ�å ! �M&�cµ& ! #

5
. ����������

�  (�s) �L�V �W�K�H �+�H�D�Y�L�V�L�G�H �V�W�H�S �I�X�Q�F�W�L�R�Q�� �$�F�F�R�U�G�L�Q�J �W�R �U�H�S�O�L�F�D �W�K�H�R�U�\�� �W�K�H �¹�­�H�O�G�V �D�U�H �G�H�V�F�U�L�E�H�G �D�V �V�X�P�V �R�I

�U�D�Q�G�R�P �*�D�X�V�V�L�D�Q �¹�­�H�O�G�V�cµ�å = �oµ�å + �uµ�å �D�Q�G�cµ = �oµ + �uµ �Z�K�H�U�H�o�å�D�Q�G�o�D�U�H �T�X�H�Q�F�K�H�G �F�R�P�S�R�Q�H�Q�W�V

�D�U�L�V�L�Q�J �I�U�R�P �º�¾�X�F�W�X�D�W�L�R�Q�V �L�Q �W�K�H �L�Q�S�X�W �Y�H�F�W�R�U�V�[µ �D�Q�G�Xµ �U�H�V�S�H�F�W�L�Y�H�O�\�� �D�Q�G �W�K�H�u�å���u�¹�­�H�O�G�V �U�H�S�U�H�V�H�Q�W �W�K�H

�Y�D�U�L�D�E�L�O�L�W�\ �L�Q�cµ�å �D�Q�G�cµ �U�H�V�X�O�W�L�Q�J �I�U�R�P �G�L�¸�I�H�U�H�Q�W �V�R�O�X�W�L�R�Q�V �R�I�Z�� �7�K�H�V�H �¹�­�H�O�G�V �P�X�V�W �R�E�H�\ �W�K�H �F�R�Q�V�W�U�D�L�Q�W

�u�å+ �o�å! �M|�u+ �o| " #. �7�K�H �F�D�S�D�F�L�W�\ �I�X�Q�F�W�L�R�Q" �G(#, �M) ���W�K�H �V�X�E�V�F�U�L�S�W�G�G�H�Q�R�W�H�V �W�K�H �O�L�Q�H�� �G�H�V�F�U�L�E�H�V

�I�R�U �Z�K�L�F�K�K/ �I �U�D�W�L�R �W�K�H �S�H�U�F�H�S�W�U�R�Q �V�R�O�X�W�L�R�Q �Y�R�O�X�P�H �V�K�U�L�Q�N�V �W�R �D �X�Q�L�T�X�H �Z�H�L�J�K�W �Y�H�F�W�R�U�� �7�K�H �U�H�F�L�S�U�R�F�D�O
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(

�?�� �L�W �E�H�F�R�P�H�V �D�G�Y�D�Q�W�D�J�H�R�X�V �I�R�U�Z �W�R �E�H

�R�U�W�K�R�J�R�Q�D�O �W�R �D �¹�­�Q�L�W�H �I�U�D�F�W�L�R�Q �R�I �W�K�H �P�D�Q�L�I�R�O�G�V��

�‘�:�’ �G�k���-�t�t�v

�7�R �V�W�X�G�\ �W�K�H �H�¸�I�H�F�W �R�I �F�K�D�Q�J�L�Q�J �W�K�H �J�H�R�P�H�W�U�L�F�D�O �V�K�D�S�H �R�I �W�K�H �P�D�Q�L�I�R�O�G�V�� �Z�H �U�H�S�O�D�F�H �W�K�H �(�X�F�O�L�G�H�D�Q

�Q�R�U�P �F�R�Q�V�W�U�D�L�Q�W �R�Q �W�K�H �P�D�Q�L�I�R�O�G �E�R�X�Q�G�D�U�\ �E�\ �D �F�R�Q�V�W�U�D�L�Q�W �R�Q �W�K�H�L�U�G�k �Q�R�U�P�� �6�S�H�F�L�¹�­�F�D�O�O�\�� �Z�H �F�R�Q��

�V�L�G�H�U�?���G�L�P�H�Q�V�L�R�Q�D�O �P�D�Q�L�I�R�O�G�V
:

�[µ�å + �M
! �?

�d= �ù�n�d�X
µ
�d

;
�Z�K�H�U�H �W�K�H�? �G�L�P�H�Q�V�L�R�Q�D�O �Y�H�F�W�R�U!�n�S�D�U�D�P�H�W�H�U��

�L�]�L�Q�J �S�R�L�Q�W�V �R�Q �W�K�H �P�D�Q�L�I�R�O�G�V �L�V �F�R�Q�V�W�U�D�L�Q�H�G��&!�n&�k % �ù�� �)�R�U�ù < �k < $ �� �W�K�H�V�H�G�k �P�D�Q�L�I�R�O�G�V

�D�U�H �V�P�R�R�W�K �D�Q�G �F�R�Q�Y�H�[�� �7�K�H�L�U �O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �E�\ �D �Y�H�F�W�R�U�Z�L�V �G�H�W�H�U�P�L�Q�H�G �E�\ �W�K�H �¹�­�H�O�G �F�R�Q�V�W�U�D�L�Q�W�V

�cµ�å! �M||!�cµ ||�l " # �Z�K�H�U�H�� �D�V �E�H�I�R�U�H���cµ�å�D�U�H �W�K�H �¹�­�H�O�G�V �L�Q�G�X�F�H�G �E�\ �W�K�H �F�H�Q�W�H�U�V�� �D�Q�G||!�cµ ||�l���l = �k/ (�k! �ù)��

�D�U�H �W�K�H�G�l �G�X�D�O �Q�R�U�P�V �R�I �W�K�H�?���G�L�P�H�Q�V�L�R�Q�D�O �¹�­�H�O�G�V �L�Q�G�X�F�H�G �E�\�Xµ�d ���$�S�S�H�Q�G�L�[���������� �7�K�H �U�H�V�X�O�W�D�Q�W �V�R�O�X��

�W�L�R�Q�V �D�U�H �T�X�D�O�L�W�D�W�L�Y�H�O�\ �V�L�P�L�O�D�U �W�R �Z�K�D�W �Z�H �R�E�V�H�U�Y�H�G �Z�L�W�K�G�æ�E�D�O�O �P�D�Q�L�I�R�O�G�V��

�+�R�Z�H�Y�H�U�� �Z�K�H�Q�k% �ù�� �W�K�H �F�R�Q�Y�H�[ �K�X�O�O �R�I �W�K�H �P�D�Q�L�I�R�O�G �E�H�F�R�P�H�V �I�D�F�H�W�H�G�� �F�R�Q�V�L�V�W�L�Q�J �R�I �Y�H�U�W�L�F�H�V�� �º�¾�D�W

�H�G�J�H�V �D�Q�G �I�D�F�H�V�� �)�R�U �W�K�H�V�H �J�H�R�P�H�W�U�L�H�V�� �W�K�H �F�R�Q�V�W�U�D�L�Q�W�V �R�Q �W�K�H �¹�­�H�O�G�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �D �V�R�O�X�W�L�R�Q �Y�H�F�W�R�U�Z

�E�H�F�R�P�H�V���cµ�å! �Mmax�d&�cµ�d& " # �I�R�U �D�O�O�k< �ù�� �:�H �K�D�Y�H �V�R�O�Y�H�G �L�Q �G�H�W�D�L�O �W�K�H �F�D�V�H �R�I�? = �æ���$�S�S�H�Q�G�L�[

�������������� �7�K�H�U�H �D�U�H �I�R�X�U �P�D�Q�L�I�R�O�G �F�O�D�V�V�H�V�� �L�Q�W�H�U�L�R�U�� �W�R�X�F�K�L�Q�J �W�K�H �P�D�U�J�L�Q �S�O�D�Q�H �D�W �D �V�L�Q�J�O�H �Y�H�U�W�H�[ �S�R�L�Q�W�� �D

�º�¾�D�W �V�L�G�H �H�P�E�H�G�G�H�G �L�Q �W�K�H �P�D�U�J�L�Q�� �D�Q�G �I�X�O�O�\ �H�P�E�H�G�G�H�G�� �7�K�H �I�U�D�F�W�L�R�Q�V �R�I �W�K�H�V�H �F�O�D�V�V�H�V �D�U�H �V�K�R�Z�Q �L�Q �)�L�J��

��������

�	�b�v�1�†�v�v�b�o�m�9�:�H �K�D�Y�H �H�[�W�H�Q�G�H�G �*�D�U�G�Q�H�U�#�V �W�K�H�R�U�\ �R�I �W�K�H �O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �L�V�R�O�D�W�H�G �S�R�L�Q�W�V �W�R �W�K�H

�F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �F�R�Q�W�L�Q�X�R�X�V �P�D�Q�L�I�R�O�G�V�� �2�X�U �D�Q�D�O�\�V�L�V �V�K�R�Z�V �K�R�Z �O�L�Q�H�D�U �V�H�S�D�U�D�E�L�O�L�W�\ �R�I �W�K�H �P�D�Q�L�I�R�O�G�V

�G�H�S�H�Q�G�V �L�Q�W�L�P�D�W�H�O�\ �X�S�R�Q �W�K�H �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\�� �V�L�]�H �D�Q�G �V�K�D�S�H �R�I �W�K�H �F�R�Q�Y�H�[ �K�X�O�O�V �R�I �W�K�H �P�D�Q�L�I�R�O�G�V�� �6�R�P�H
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�b�]�†�u�; �‘�:�’�9�G�ù�0�-�t�t�v�9 �P�-�Q ���b�m�;�-�u �1�t�-�v�v�b�C�1�-	ž�o�m �o�= �‘�J� ? � G�ù�0�-�t�t�v�: �P�0�Q �
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�P�0�t�†�;�Q �l�-�m�b�=�o�t�7 �|�o�†�1�_�b�m�] �l�-�u�]�b�m �-�| �- �v�b�m�]�t�; �ˆ�;�u�|�;�Š�7 �P�]�u�-�‹�Q �l�-�m�b�=�o�t�7 �|�o�†�1�_�b�m�] �‰�b�|�_ �|�‰�o �1�o�u�m�;�u�v �P�o�m�; �v�b�7�;�Q�7 �P�r�†�u�r�t�;�Q �b�m�|�;�u�b�o�u

�l�-�m�b�=�o�t�7�:

�R�U �D�O�O �R�I �W�K�H�V�H �S�U�R�S�H�U�W�L�H�V �D�U�H �H�[�S�H�F�W�H�G �W�R �G�L�¸�I�H�U �D�W �G�L�¸�I�H�U�H�Q�W �V�W�D�J�H�V �L�Q �W�K�H �V�H�Q�V�R�U�\ �K�L�H�U�D�U�F�K�\�� �7�K�X�V�� �R�X�U

�W�K�H�R�U�\ �H�Q�D�E�O�H�V �V�\�V�W�H�P�D�W�L�F �D�Q�D�O�\�V�L�V �R�I �W�K�H �G�H�J�U�H�H �W�R �Z�K�L�F�K �W�K�L�V �U�H�I�R�U�P�D�W�W�L�Q�J �H�Q�K�D�Q�F�H�V �W�K�H �F�D�S�D�F�L�W�\ �I�R�U

�R�E�M�H�F�W �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �D�W �W�K�H �K�L�J�K�H�U �V�W�D�J�H�V �R�I �W�K�H �K�L�H�U�D�U�F�K�\��

�:�H �I�R�F�X�V�H�G �K�H�U�H �R�Q �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �I�X�O�O�\ �R�E�V�H�U�Y�H�G �P�D�Q�L�I�R�O�G�V �D�Q�G �K�D�Y�H �Q�R�W �D�G�G�U�H�V�V�H�G �W�K�H �S�U�R�E��

�O�H�P �R�I �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �I�U�R�P �¹�­�Q�L�W�H �L�Q�S�X�W �V�D�P�S�O�L�Q�J �R�I �W�K�H �P�D�Q�L�I�R�O�G�V�� �1�H�Y�H�U�W�K�H�O�H�V�V�� �R�X�U �U�H�V�X�O�W�V �D�E�R�X�W �W�K�H

�S�U�R�S�H�U�W�L�H�V �R�I �P�D�[�L�P�X�P �P�D�U�J�L�Q �V�R�O�X�W�L�R�Q�V �F�D�Q �E�H �U�H�D�G�L�O�\ �X�W�L�O�L�]�H�G �W�R �H�V�W�L�P�D�W�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �I�U�R�P �¹�­�Q�L�W�H

�V�D�P�S�O�H�V�� �7�K�H �F�X�U�U�H�Q�W �W�K�H�R�U�\ �F�D�Q �E�H �H�[�W�H�Q�G�H�G �L�Q �V�H�Y�H�U�D�O �L�P�S�R�U�W�D�Q�W �Z�D�\�V�� �$�G�G�L�W�L�R�Q�D�O �J�H�R�P�H�W�U�L�F �I�H�D�W�X�U�H�V

�F�D�Q �E�H �L�Q�F�R�U�S�R�U�D�W�H�G�� �V�X�F�K �D�V �Q�R�Q���X�Q�L�I�R�U�P �U�D�G�L�L �I�R�U �W�K�H �P�D�Q�L�I�R�O�G�V �D�V �Z�H�O�O �D�V �K�H�W�H�U�R�J�H�Q�H�R�X�V �P�L�[�W�X�U�H�V

�R�I �P�D�Q�L�I�R�O�G�V�� �7�K�H �L�Q�º�¾�X�H�Q�F�H �R�I �F�R�U�U�H�O�D�W�L�R�Q�V �L�Q �W�K�H �V�W�U�X�F�W�X�U�H �R�I �W�K�H �P�D�Q�L�I�R�O�G�V �D�V �Z�H�O�O �D�V �W�K�H �H�¸�I�H�F�W �R�I

�V�S�D�U�V�H �O�D�E�H�O�V �F�D�Q �D�O�V�R �E�H �F�R�Q�V�L�G�H�U�H�G�� �7�K�H �S�U�H�V�H�Q�W �Z�R�U�N �O�D�\�V �W�K�H �J�U�R�X�Q�G�Z�R�U�N �I�R�U �D �F�R�P�S�X�W�D�W�L�R�Q�D�O �W�K�H��

�R�U�\ �R�I �Q�H�X�U�R�Q�D�O �S�U�R�F�H�V�V�L�Q�J �R�I �R�E�M�H�F�W�V�� �S�U�R�Y�L�G�L�Q�J �T�X�D�Q�W�L�W�D�W�L�Y�H �P�H�D�V�X�U�H�V �I�R�U �D�V�V�H�V�V�L�Q�J �W�K�H �S�U�R�S�H�U�W�L�H�V �R�I

�U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �L�Q �E�L�R�O�R�J�L�F�D�O �D�Q�G �D�U�W�L�¹�­�F�L�D�O �Q�H�X�U�D�O �Q�H�W�Z�R�U�N�V��
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�‘�:�“�:�• ���;�u�1�;�r�|�u�o�m ���-�r�-�1�b�|�‹ �o�= ���b�m�; �"�;�]�l�;�m�|�v�:

�7�K�H �V�L�P�S�O�H�V�W �H�[�D�P�S�O�H �R�I �O�L�Q�H�D�U �V�H�S�D�U�D�E�L�O�L�W�\ �R�I �P�D�Q�L�I�R�O�G�V �L�V �Z�K�H�Q �W�K�H �P�D�Q�L�I�R�O�G�V �D�U�H �O�L�Q�H �V�H�J�P�H�Q�W�V��

�6�S�H�F�L�¹�­�F�D�O�O�\��

�Z�H �F�R�Q�V�L�G�H�U �W�K�H �S�U�R�E�O�H�P �R�I �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I�K�O�L�Q�H �V�H�J�P�H�Q�W�V �R�I �O�H�Q�J�W�K�æ�M�� �J�L�Y�H�Q �E�\

2
�[µ�å + �M�n�Xµ

3
, |�n| % �ù, µ = �ù, ...�K ����������

�W�K�H�I ! �G�L�P�H�Q�V�L�R�Q�D�O �Y�H�F�W�R�U�V�[�åµ �D�Q�G�Xµ�� �Z�K�L�F�K �D�U�H�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �W�K�H �F�H�Q�W�H�U�V �D�Q�G �W�K�H �G�L�U�H�F�W�L�R�Q�V �R�I

�W�K�Hµ �V�H�J�P�H�Q�W�� �>�:�H �X�V�H �W�K�H �E�R�O�G�I�D�F�H �V�W�\�O�H �W�R �G�H�Q�R�W�H�I ���G�L�P �Y�H�F�W�R�U�V�@�� �:�H �F�R�Q�V�L�G�H�U �U�D�Q�G�R�P �O�L�Q�H �V�H�J��

�P�H�Q�W�V�� �V�S�H�F�L�¹�­�F�D�O�O�\ �D�V�V�X�P�H �W�K�D�W �W�K�H �F�R�P�S�R�Q�H�Q�W�V �R�I �D�O�O�[�åµ �D�Q�G�Xµ �D�U�H �L���L���G�� �Q�R�U�P�D�O�O�\ �G�L�V�W�U�L�E�X�W�H�G ���Z�L�W�K

�]�H�U�R �P�H�D�Q �D�Q�G �X�Q�L�W �Y�D�U�L�D�Q�F�H���� �7�K�H �W�D�U�J�H�W �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �O�D�E�H�O�V �R�I �W�K�H �P�D�Q�L�I�R�O�G�V �D�U�H�tµ = ± �ù�D�Q�G �D�U�H

�G�U�D�Z�Q �U�D�Q�G�R�P�O�\ �Z�L�W�K �H�T�X�D�O �S�U�R�E�D�E�L�O�L�W�\ �R�I± �ù.

�:�H �V�H�D�U�F�K �I�R�U �D�Q�I ���G�L�P�H�Q�L�R�Q�D�O �Z�H�L�J�K�W �Y�H�F�W�R�U�Z�W�K�D�W �F�O�D�V�V�L�¹�­�H�V �F�R�U�U�H�F�W�O�\ �W�K�H �O�L�Q�H �V�H�J�P�H�Q�W�V�� �6�L�Q�F�H �W�K�H

�O�L�Q�H �V�H�J�P�H�Q�W�V �D�U�H �F�R�Q�Y�H�[ �W�K�L�V �L�V �H�T�X�L�Y�D�O�H�Q�W �W�R �W�K�H �U�H�T�X�L�U�H�P�H�Q�W �W�K�D�W�Z�F�O�D�V�V�L�¹�­�H�V �F�R�U�U�H�F�W�O�\ �W�K�H �H�Q�G �S�R�L�Q�W�V

�R�I �H�D�F�K �V�H�J�P�H�Q�W�V�� �7�K�L�V �F�R�Q�G�L�W�L�R�Q �F�D�Q �E�H �Z�U�L�W�W�H�Q �X�V�L�Q�J �W�Z�R �O�R�F�D�O �¹�­�H�O�G�V �I�R�U �H�D�F�K �V�H�J�P�H�Q�W�� �2�Q�H �L�V �W�K�H

�¹�­�H�O�G �L�Q�G�X�F�H�G �E�\ �W�K�H �F�H�Q�W�H�U �R�I �W�K�H �O�L�Q�H�sµ , �J�L�Y�L�Q�J

�cµ�å = ||�Z||! �ù�tµ �Zá�[�åµ ����������

�7�K�H �R�W�K�H�U �L�V �W�K�H �¹�­�H�O�G �L�Q�G�X�F�H�G �E�\ �W�K�H �G�L�U�H�F�W�L�R�Q �Y�H�F�W�R�U�Xµ,

�cµ = ||�Z||! �ù�tµ �Zá�Xµ ����������

�1�R�W�H �W�K�D�W �D�O�O �W�K�H �¹�­�H�O�G�V �D�U�H �G�H�¹�­�Q�H�G �Z�L�W�K �W�K�H �W�D�U�J�H�W �O�D�E�H�O�tµ �� �D�Q�G �W�K�H�\ �D�U�H �Q�R�U�P�D�O�L�]�H�G �E�\ �W�K�H �Q�R�U�P �R�I

�Z�� �:�L�W�K �W�K�H�V�H �G�H�¹�­�Q�L�W�L�R�Q�V���cµ�å± �M�cµ �D�U�H �W�K�H �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �R�I �W�K�H �H�Q�G�S�R�L�Q�W�V �R�I �W�K�H �V�H�J�P�H�Q�W �I�U�R�P �W�K�H
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�V�H�S�D�U�D�W�L�Q�J �S�O�D�Q�H �Z�K�L�F�K �L�V �W�K�H �S�O�D�Q�H �R�U�W�K�R�J�R�Q�D�O �W�R�Z�� �7�K�X�V���Z�K�D�V �W�R �R�E�H�\��

�cµ�å ! �M&�cµ�d& " # ����������

�Z�K�H�U�H�cµ�å ! �M&�cµ�d&�L�V �W�K�H �¹�­�H�O�G �R�I �W�K�H �H�Q�G�S�R�L�Q�W �Z�L�W�K �W�K�H �V�P�D�O�O�H�V�W ���V�L�J�Q�H�G�� �G�L�V�W�D�Q�F�H �W�R �W�K�H �S�O�D�Q�H��

�7�K�H �S�D�U�D�P�H�W�H�U# > �å�L�V �D �S�D�U�D�P�H�W�H�U �G�H�¹�­�Q�L�Q�J �W�Z�R �P�D�U�J�L�Q �S�O�D�Q�H�V�� �$�F�F�R�U�G�L�Q�J �W�R �(�T�� ���������� �D�O�O �W�K�H

�S�R�V�L�W�L�Y�H�O�\ �O�D�E�H�O�H�G �L�Q�S�X�W�V �P�X�V�W �O�L�H �H�L�W�K�H�U �D�E�R�Y�H �W�K�H �#�S�R�V�L�W�L�Y�H�# �P�D�U�J�L�Q �S�O�D�Q�H�� �&�R�Q�Y�H�U�V�H�O�\ �W�K�H �Q�H�J�D�W�L�Y�H�O�\

�O�D�E�H�O�H�G �S�R�L�Q�W�V �P�X�V�W �O�L�H �E�H�O�R�Z �W�K�H �Q�H�J�D�W�L�Y�H �P�D�U�J�L�Q �S�O�D�Q�H ���6�H�H �)�L�J�� ������

�!�;�r�t�b�1�- �$�_�;�o�u�‹

�:�H �F�R�Q�V�L�G�H�U �D �W�K�H�U�P�R�G�\�Q�D�P�L�F �O�L�P�L�W �Z�K�H�U�H�I , �K# $ �Z�K�H�U�H�D�V" = �K/ �I , �D�Q�G�M�D�U�H �¹�­�Q�L�W�H�� �:�H �X�V�H

�W�K�H �*�D�U�G�Q�H�U �I�U�D�P�H�Z�R�U�N �W�R �F�R�P�S�X�W�H �W�K�H �Y�R�O�X�P�H �R�I �V�S�D�F�H �R�I �V�R�O�X�W�L�R�Q�V��

�Q=
'

�_�I �Z$ &(�Z�æ! �I )�£�K
µ= �ù�  (�cµ�å ! �M&�cµ& ! #) ������������

�Z�K�H�U�H�  �L�V �W�K�H �+�H�D�Y�L�V�L�G�H �I�X�Q�F�W�L�R�Q�� �$�F�F�R�U�G�L�Q�J �W�R �U�H�S�O�L�F�D �W�K�H�R�U�\��/ ln �Q0 = lim �i& �å
' �Q�i (! �ù

�i �� �Z�K�H�U�H

�Q�i �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V��

�Q�i =
�i,

$= �ù

'
�_�Z$ &(�Z�æ

$ ! �I )
�K,

µ= �ù

' "

!
�_�cµ+

$

' "

!
�_�cµ!

$

' "

!"
�_÷�cµ+

$

' "

!"
�_÷�cµ!

$ �S ������������

�S= �`
!

± �d÷�cµ ±
!

"
�cµ ±

! ! �ù"
�I
{ �tµ �Z�O

! (�[�åµ ± �M�Xµ )}
#

������������

�Z�K�H�U�H�cµ+ = �cµ�å + �M�cµ ���cµ! = �cµ�å ! �M�cµ �� �$�Y�H�U�D�J�L�Q�J �R�Y�H�U �W�K�H �U�D�Q�G�R�P �L�Q�S�X�W�V�[µ �D�Q�G�Xµ �� �W�K�H

�D�E�R�Y�H �¹�­�H�O�G�V �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V �V�X�P�V �R�I �W�Z�R �U�D�Q�G�R�P �¹�­�H�O�G�V�� �Z�K�H�U�H�o�å�D�Q�G�o�D�U�H �W�K�H �T�X�H�Q�F�K�H�G �F�R�P�S�R�Q�H�Q�W

�U�H�V�X�O�W�L�Q�J �I�U�R�P �W�K�H �T�X�H�Q�F�K�H�G �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �Q�D�P�H�O�\ �W�K�H �L�Q�S�X�W �Y�H�F�W�R�U�V�[µ�å�D�Q�G�Xµ�d�� �Z�K�L�O�H �W�K�H�u�å�D�Q�G

�u�¹�­�H�O�G�V �U�H�S�U�H�V�H�Q�W �W�K�H �Y�D�U�L�D�E�L�O�L�W�\ �R�I �G�L�¸�I�H�U�H�Q�W�Z�#�V �Z�L�W�K�L�Q �W�K�H �Y�R�O�X�P�H �R�I �V�R�O�X�W�L�R�Q�V �I�R�U �H�D�F�K �U�H�D�O�L�]�D�W�L�R�Q �R�I
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�L�Q�S�X�W�V �D�Q�G �O�D�E�H�O�V��

�cµ�å =
(

�l�oµ�å +
/

�ù! �l�uµ�å, �cµ =
(

�l�oµ +
/

�ù! �l�uµ ������������

�Z�K�H�U�H �W�K�H �U�H�S�O�L�F�D �V�\�P�P�H�W�U�L�F �R�U�G�H�U �S�D�U�D�P�H�W�H�U�l �L�V�l = �ù
�I �Z$ á�Z%, " -= ' �� �7�K�H �U�H�V�X�O�W�D�Q�W �#�I�U�H�H

�H�Q�H�U�J�\�#�B�L�V��

/ �Q�i0�o�å,�o= � �̀I�i [�B(�l)] = � �̀I�i [�B�å(�l)+ $ �B�ù(�l)] ������������

�Z�K�H�U�H��

�B�å(�l) =
�ù
�æ

ln( �ù! �l) +
�l

�æ(�ù! �l)
������������

�L�V �W�K�H �H�Q�W�U�R�S�L�F �W�H�U�P �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �Y�R�O�X�P�H �R�I�Z$ �V�X�E�M�H�F�W �W�R �W�K�H �F�R�Q�V�W�U�D�L�Q�W �W�K�D�W�l = �ù
�I �Z$ á�Z%��

�7�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �F�R�Q�V�W�U�D�L�Q�W�V �F�R�Q�W�U�L�E�X�W�H�V

�B�ù(�l) = / �O�Q�U(�l, �o�å,�o)0�o�å,�o ������������

�U(�l, �o�å, �o) =
' "

!"
�?�u�å

' "

!"
�?�u� 

=- (
�l�o�å+

/
�ù! �l�u�å

.
! �M

A
A
A
(

�l�o+
/

�ù! �l�u
A
A
A! #

>
������������

�Z�K�H�U�H�?�s, �_�s%
�æ"

exp! �s�æ
�æ�D�Q�G �W�K�H �D�Y�H�U�D�J�H �Z�U�W�o�å���o�G�H�Q�R�W�H�V �L�Q�W�H�J�U�D�O�V �R�Y�H�U �W�K�H �J�D�X�V�V�L�D�Q �Y�D�U�L�D�E�O�H�V

�o�å���o�Z�L�W�K �P�H�D�V�X�U�H�V�?�o�å �D�Q�G�?�o�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �)�L�Q�D�O�O�\���l �L�V �G�H�W�H�U�P�L�Q�H�G �E�\ �V�R�O�Y�L�Q�J&�B
&�l = �å�� �6�R�O�X�W�L�R�Q

�Z�L�W�K�l < �ù�L�Q�G�L�F�D�W�H�V �D �¹�­�Q�L�W�H �Y�R�O�X�P�H �R�I �V�R�O�X�W�L�R�Q�V�� �)�R�U �H�D�F�K# �W�K�H�U�H �L�V �D �P�D�[�L�P�X�P �Y�D�O�X�H �R�I" �Z�K�H�U�H

�D �V�R�O�X�W�L�R�Q �H�[�L�V�W�V�� �$�V" �D�S�S�U�R�D�F�K�H�V �W�K�L�V �P�D�[�L�P�D�O �Y�D�O�X�H���l # �ù�L�Q�G�L�F�D�W�L�Q�J �W�K�H �H�[�L�V�W�H�Q�F�H �R�I �D �X�Q�L�T�X�H

�V�R�O�X�W�L�R�Q�� �Z�K�L�F�K �L�V �W�K�H �P�D�[ �P�D�U�J�L�Q �V�R�O�X�W�L�R�Q �I�R�U �W�K�L�V" ��

�,�Q �W�K�L�V �F�K�D�S�W�H�U �Z�H �I�R�F�X�V �R�Q �W�K�H �S�U�R�S�H�U�W�L�H�V �R�I �W�K�H�P�D�[ �P�D�U�J�L�Q�V�R�O�X�W�L�R�Q�� �L���H���� �R�Q �W�K�H �O�L�P�L�W�l # �ù.
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�l # �ù���b�l�b�| �:�H �G�H�¹�­�Q�H

�L =
�l

�ù! �l
������������

�D�Q�G �V�W�X�G�\ �W�K�H �O�L�P�L�W �R�I�L # $ �� �,�Q �W�K�L�V �O�L�P�L�W �W�K�H �O�H�D�G�L�Q�J �R�U�G�H�U �L�V�B�å = �L
�æ��

/ ln �Q0=
�L
�æ

[�ù! " / �b(�o�å, �o)0�o�å,�o] ������������

�Z�K�H�U�H���b, ! �æ
�L log �U�L�V �L�Q�G�H�S�H�Q�G�H�Q�W �R�I�L �D�Q�G �L�V �J�L�Y�H�Q �E�\ �U�H�S�O�D�F�L�Q�J �W�K�H �L�Q�W�H�J�U�D�O�V �L�Q �(�T�� ����������� � � E� \

�W�K�H�L�U �V�D�G�G�O�H �S�R�L�Q�W�� �\�L�H�O�G�L�Q�J

�b(�o�å, �o) = min
�u�å+ �o�å! �M|�u+ �o|$ !

[�u�å�æ+ �u�æ] ������������

�1�R�W�H �W�K�D�W �K�H�U�H �Z�H �K�D�Y�H �V�F�D�O�H�G �Y�D�U�L�D�E�O�H�V�u�å�D�Q�G�u�V�X�F�K �W�K�D�W�u�å #
(

�L�u�å�D�Q�G �V�L�P�L�O�D�U�O�\ �I�R�U�u��

�)�L�Q�D�O�O�\�� �D�W �W�K�H �F�D�S�D�F�L�W�\��ln �Q�Y�D�Q�L�V�K�H�V�� �K�H�Q�F�H

" ! �ù
�ù (#, �M) = / �b(�o�å, �o)0�o�å,�o ������������

�Z�K�H�U�H �Z�H �K�D�Y�H �G�H�Q�R�W�H�G �W�K�H �F�D�S�D�F�L�W�\ �I�R�U �R�Q�H �G�L�P�H�Q�V�L�R�Q�D�O �P�D�Q�L�I�R�O�G�V �D�V" �ù��

���-�r�-�1�b�|�‹

�7�K�H �Q�D�W�X�U�H �R�I �V�R�O�X�W�L�R�Q �R�I �(�T�� ������������ �G�H�S�H�Q�G�V �R�Q �W�K�H �Y�D�O�X�H�V �R�I�o�D�Q�G�o�å�� �7�K�H�U�H �D�U�H �W�K�U�H�H �U�H�J�L�P�H�V��

�-�Q �!�;�]�b�l�; �•�9

�o�å! # > �M&�o& ������������

�L�Q �Z�K�L�F�K �F�D�V�H �W�K�H �V�R�O�X�W�L�R�Q �L�V�u�å = �u= �å�Z�K�L�F�K �G�R�H�V �Q�R�W �F�R�Q�W�U�L�E�X�W�H �W�R �(�T�� ��������������

�)�R�U �Y�D�O�X�H�V �R�I�o�å ! # % �M||�o||�� �W�K�H �V�R�O�X�W�L�R�Q �R�E�H�\�V�u�å+ �o�å ! �M||�u+ �o|| = # �� �P�H�D�Q�L�Q�J �W�K�D�W �R�Q�H �R�I

�W�K�H �H�Q�G�S�R�L�Q�W�V �W�R�X�F�K�H�V �W�K�H �P�D�U�J�L�Q �S�O�D�Q�H�� �7�K�L�V �U�H�J�L�P�H �L�V �I�X�U�W�K�H�U �G�L�Y�L�G�H�G �L�Q�W�R �W�Z�R �F�D�V�H�V��
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�0�Q �!�;�]�b�l�; �‘�9

! �M! �ù||�o|| < �o�å ! ! < �M||�o|| ������������

�+�H�U�H�� �W�K�H �F�H�Q�W�H�U �¹�­�H�O�G�u�å+ �o�å�L�V �O�D�U�J�H�U �W�K�D�Q �W�K�H �P�D�U�J�L�Q ���L���H���� �W�K�H �F�H�Q�W�H�U �S�R�L�Q�W�V �D�U�H �L�Q�W�H�U�L�R�U�� �D�Q�G �W�K�H

�¹�­�H�O�G�V �F�D�Q �E�H �G�H�W�H�U�P�L�Q�H�G �E�\ �P�L�Q�L�P�L�]�L�Q�J �(�T�� ������������(�M|�u+ �o| ! �o�å+ #)�æ+ �u�æ�Z���U���W���u�\�L�H�O�G�L�Q�J

�u=
�M�æ||�o|| + �M(# ! �o�å)

�ù+ �M�æ ������������

�u�å =
�M||�o|| + # ! �o�å

�ù+ �M�æ ������������

�D�Q�G �L�W�V �F�R�Q�W�U�L�E�X�W�L�R�Q �W�R �(�T�� ������������ �L�V

�b=
(# ! �o�å+ �M||�o||)�æ

�ù+ �M�æ ������������

�1�Q �!�;�]�b�l�; �’�9

�o�å ! ! < ! �M! �ù||�o|| ������������

�+�H�U�H �W�K�H �F�H�Q�W�H�U �S�R�L�Q�W�V �D�U�H �D�O�V�R �R�Q �W�K�H �P�D�U�J�L�Q �S�O�D�Q�H�� �K�H�Q�F�H�u= !|| �o|| �D�Q�G�u�å+ �o�å = #�� �F�R�Q�W�U�L�E�X�W�L�Q�J

�b= ( �o�å! #)�æ+ �o�æ ������������

�)�L�Q�D�O�O�\�� �F�R�P�E�L�Q�L�Q�J �W�K�H �F�R�Q�W�U�L�E�X�W�L�R�Q�V �I�U�R�P �5�H�J�L�P�H�V �� �D�Q�G �� �\�L�H�O�G�V��

" ! �ù
�G (#, �M) =

' "

!"
�?�o

B' ! + �M|�o|

! !| �o|�M! �ù
�?�o�å

(|�o|�M! (�o�å! #)) �æ

(�ù+ �M�æ)
+

' ! !| �o|�M! �ù

!"
�?�o�å(( �o�å! #)�æ+ �o�æ)

C

������������
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�)�R�U# = �å�� �W�K�L�V �H�[�S�U�H�V�V�L�R�Q �U�H�G�X�F�H�V �W�R

" ! �ù
�G (�å, �M) =

' "

!"
�?�o

B' �M|�o|

!| �o|�M! �ù
�?�o�å

(|�o|�M! �o�å)�æ

(�ù+ �M�æ)
+

' !| �o|�M! �ù

!"
�?�o�å(�o�æ�å+ �o�æ)

C

������������

�%�\ �V�Z�L�W�F�K�L�Q�J �W�R �S�R�O�D�U �F�R�R�U�G�L�Q�D�W�H�V���o= �mcos( ���o�å = �msin(, �W�K�H�V�H �L�Q�W�H�J�U�D�O�V �U�H�G�X�F�H �W�R

" ! �ù
�G (�M) =

�ù
�æ

+
�æ
)

arctan �M ������������

���b�l�b�|�v �o�= �!

�,�Q �W�K�H �O�L�P�L�W �R�I�M# �å, �(�T�� ������������ �U�H�G�X�F�H�V �W�R" �G(#, �M= �å) = " �å(#) �Z�K�H�U�H" �å(#) �L�V �W�K�H �*�D�U�G�Q�H�U�#�V

�U�H�V�X�O�W �I�R�U �F�O�D�V�V�L�I�\�L�Q�J�K�U�D�Q�G�R�P �S�R�L�Q�W�V��

�,�Q�W�H�U�H�V�W�L�Q�J�O�\��" �G(#, �ù) = �ù
�æ" �å(#/

(
�æ) �� �7�K�L�V �L�V �E�H�F�D�X�V�H �Z�K�H�Q�M= �ù�W�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �H�G�J�H

�S�R�L�Q�W�V �R�Q �W�K�H �O�L�Q�H �V�H�J�P�H�Q�W�V �L�V �V�W�D�W�L�V�W�L�F�D�O�O�\ �W�K�H �V�D�P�H �D�V �W�K�D�W �E�H�W�Z�H�H�Q �S�R�L�Q�W�V �R�I �G�L�¸�I�H�U�H�Q�W �V�H�J�P�H�Q�W�V�� �K�H�Q�F�H
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µ
�P�L�Q

|�Z�o
�n�q�h|
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�7�K�H �F�K�D�S�W�H�U �L�V �R�U�J�D�Q�L�]�H�G �D�V �I�R�O�O�R�Z�V�� �:�H �¹�­�U�V�W �F�R�Q�V�L�G�H�U �W�K�H �K�D�U�G �P�D�U�J�L�Q �S�U�R�E�O�H�P �D�Q�G �D�Q�D�O�\�]�H �W�K�H

�V�L�P�S�O�H�V�W �I�R�U�P �R�I �W�K�H�H�è�D�O�J�R�U�L�W�K�P�� �1�H�[�W�� �Z�H �L�Q�W�U�R�G�X�F�H �V�O�D�F�N �Y�D�U�L�D�E�O�H�V �L�Q�H�è�� �R�Q�H �I�R�U �H�D�F�K �P�D�Q�L�I�R�O�G��

�D�Q�G �D�Q�D�O�\�]�H �L�W�V �F�R�Q�Y�H�U�J�H�Q�F�H �Z�L�W�K �W�K�R�V�H �D�G�G�L�W�L�R�Q�D�O �D�X�[�L�O�L�D�U�\ �Y�D�U�L�D�E�O�H�V�� �:�H �W�K�H�Q �G�H�P�R�Q�V�W�U�D�W�H �D�S�S�O�L�F�D�W�L�R�Q

�R�I�H�è�W�R �E�R�W�K �V�\�Q�W�K�H�W�L�F �G�D�W�D �Z�K�H�U�H �W�K�H �P�D�Q�L�I�R�O�G �J�H�R�P�H�W�U�\ �L�V �N�Q�R�Z�Q �D�V �Z�H�O�O �D�V �W�R �D�F�W�X�D�O �R�E�M�H�F�W �L�P�D�J�H�V

�X�Q�G�H�U�J�R�L�Q�J �D �Y�D�U�L�H�W�\ �R�I �Z�D�U�S�L�Q�J�V�� �:�H �F�R�P�S�D�U�H �L�W�V �S�H�U�I�R�U�P�D�Q�F�H�� �E�R�W�K �L�Q �H�¸�¹�­�F�L�H�Q�F�\ �D�Q�G �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q

�H�U�U�R�U�� �Z�L�W�K �F�R�Q�Y�H�Q�W�L�R�Q�D�O �6�9�0�V �X�V�L�Q�J �G�D�W�D �D�X�J�P�H�Q�W�D�W�L�R�Q �W�H�F�K�Q�L�T�X�H�V�� �)�L�Q�D�O�O�\�� �Z�H �G�L�V�F�X�V�V �V�R�P�H �Q�D�W�X�U�D�O

�H�[�W�H�Q�V�L�R�Q�V �D�Q�G �S�R�W�H�Q�W�L�D�O �I�X�W�X�U�H �Z�R�U�N �R�Q�H�è�D�Q�G �L�W�V �D�S�S�O�L�F�D�W�L�R�Q�V��

�’�:�‘ ���-�Š�b�l�†�l ���-�u�]�b�m ���-�m�b�=�o�t�7 ���-�1�_�b�m�;�v �‰�b�|�_ ���-�u�7 ���-�u�]�b�m

�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �¹�­�U�V�W �F�R�Q�V�L�G�H�U �W�K�H �S�U�R�E�O�H�P �R�I �F�O�D�V�V�L�I�\�L�Q�J �D �V�H�W �R�I �P�D�Q�L�I�R�O�G�V �Z�K�H�Q �W�K�H�\ �D�U�H �O�L�Q�H�D�U�O�\

�V�H�S�D�U�D�E�O�H�� �7�K�L�V �D�O�O�R�Z�V �X�V �W�R �L�Q�W�U�R�G�X�F�H �W�K�H �V�L�P�S�O�H�V�W �Y�H�U�V�L�R�Q �R�I �W�K�H�H�è�D�O�J�R�U�L�W�K�P �D�O�R�Q�J �Z�L�W�K �W�K�H �D�S�S�U�R��

�S�U�L�D�W�H �G�H�¹�­�Q�L�W�L�R�Q�V �D�Q�G �×�6�,�3 �I�R�U�P�X�O�D�W�L�R�Q�� �:�H �D�Q�D�O�\�]�H �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �R�I �W�K�H �V�L�P�S�O�H �D�O�J�R�U�L�W�K�P �D�Q�G

�S�U�R�Y�H �D�Q �X�S�S�H�U �E�R�X�Q�G �R�Q �W�K�H �Q�X�P�E�H�U �R�I �H�U�U�R�U�V �W�K�H �D�O�J�R�U�L�W�K�P �F�D�Q �P�D�N�H �L�Q �W�K�L�V �V�H�W�W�L�Q�J��

����



�’�:�‘�:�• ���-�u�7 ���-�u�]�b�m � �"����

�)�R�U�P�D�O�O�\�� �Z�H �D�U�H �J�L�Y�H�Q �D �V�H�W �R�I�K�P�D�Q�L�I�R�O�G�V�H�k 3 R�I ���k= �ù, . . . , �K�Z�L�W�K �E�L�Q�D�U�\ �O�D�E�H�O�V�t�k = ± �ù���D�O�O

�S�R�L�Q�W�V �L�Q �W�K�H �V�D�P�H �P�D�Q�L�I�R�O�G �V�K�D�U�H �W�K�H �V�D�P�H �O�D�E�H�O���� �(�D�F�K�H�k�L�V �G�H�¹�­�Q�H�G �E�\ �D �S�D�U�D�P�H�W�U�L�]�D�W�L�R�Q!�s= �H�k(!�n��

�Z�K�H�U�H!�n+ �N�k���N�k�L�V �D �F�R�P�S�D�F�W �V�X�E�V�H�W �R�IR�?���H�k(!�n) : R�? # R�I �L�V �D �F�R�Q�W�L�Q�X�R�X�V �I�X�Q�F�W�L�R�Q �R�I!�n+ �N�k�V�R

�W�K�D�W �W�K�H �P�D�Q�L�I�R�O�G�V �D�U�H �E�R�X�Q�G�H�G��1!�n, &�H�k(!�n)&< �G�E�\ �V�R�P�H�G�� �:�H �Z�R�X�O�G �O�L�N�H �W�R �V�R�O�Y�H �W�K�H �I�R�O�O�R�Z�L�Q�J

�V�H�P�L���L�Q�¹�­�Q�L�W�H �T�X�D�G�U�D�W�L�F �S�U�R�J�U�D�P�P�L�Q�J �S�U�R�E�O�H�P �I�R�U �W�K�H �Z�H�L�J�K�W �Y�H�F�W�R�U!�r + R�I ��

�N�Q�H�n�d�h�k�g�`: �D�U�J�P�L�Q
#�r

�ù
�æ&!�r&�æ

�n.�o. 1�k, 1!�s+ �H�k : �t�k/ !�r,!�s0 " �ù
����������

�7�K�L�V �L�V �W�K�H �S�U�L�P�D�O �I�R�U�P�X�O�D�W�L�R�Q �R�I �W�K�H �S�U�R�E�O�H�P�� �Z�K�H�U�H �P�D�[�L�P�L�]�L�Q�J �W�K�H �P�D�U�J�L�Q# = �ù
||#�r|| �L�V �H�T�X�L�Y�D�O�H�Q�W

�W�R �P�L�Q�L�P�L�]�L�Q�J �W�K�H �V�T�X�D�U�H�G �Q�R�U�P�ù
�æ||!�r||

�æ. �:�H �G�H�Q�R�W�H �W�K�H �P�D�[�L�P�X�P �P�D�U�J�L�Q �D�W�W�D�L�Q�D�E�O�H �E�\#+�� �D�Q�G �W�K�H

�R�S�W�L�P�D�O �V�R�O�X�W�L�R�Q �D�V!�r+�� �)�R�U �V�L�P�S�O�L�F�L�W�\�� �Z�H �G�R �Q�R�W �H�[�S�O�L�F�L�W�O�\ �L�Q�F�O�X�G�H �W�K�H �E�L�D�V �W�H�U�P �K�H�U�H�� �$ �Q�R�Q���]�H�U�R �E�L�D�V

�F�D�Q �E�H �P�R�G�H�O�H�G �E�\ �D�G�G�L�Q�J �D�Q �D�G�G�L�W�L�R�Q�D�O �I�H�D�W�X�U�H �R�I �F�R�Q�V�W�D�Q�W �Y�D�O�X�H �D�V �D �F�R�P�S�R�Q�H�Q�W �W�R �D�O�O �W�K�H!�s�� �1�R�W�H

�W�K�D�W �W�K�H �G�X�D�O �I�R�U�P�X�O�D�W�L�R�Q �R�I �W�K�L�V �×�6�,�3 �L�V �P�R�U�H �F�R�P�S�O�L�F�D�W�H�G�� �L�Q�Y�R�O�Y�L�Q�J �R�S�W�L�P�L�]�D�W�L�R�Q �R�I �Q�R�Q���Q�H�J�D�W�L�Y�H

�P�H�D�V�X�U�H�V �R�Y�H�U �W�K�H �P�D�Q�L�I�R�O�G�V�� �,�Q �R�U�G�H�U �W�R �V�R�O�Y�H �W�K�H �K�D�U�G �P�D�U�J�L�Q �×�6�,�3�� �Z�H �S�U�R�S�R�V�H �W�K�H �I�R�O�O�R�Z�L�Q�J �V�L�P�S�O�H

�H�è�D�O�J�R�U�L�W�K�P��

�’�:�‘�:�‘ �H�è
�n�d�h�k�g�`���t�]�o�u�b�|�_�l

�7�K�H�H�è
�n�d�h�k�g�`�D�O�J�R�U�L�W�K�P �L�V �D�Q �L�W�H�U�D�W�L�Y�H �D�O�J�R�U�L�W�K�P �W�R �¹�­�Q�G �W�K�H �R�S�W�L�P�D�O!�r �L�Q ������������ �E�D�V�H�G �X�S�R�Q �D �F�X�W�W�L�Q�J

�S�O�D�Q�H �P�H�W�K�R�G �I�R�U �V�R�O�Y�L�Q�J �W�K�H �×�6�,�3�� �7�K�H �J�H�Q�H�U�D�O �L�G�H�D �E�H�K�L�Q�G�H�è
�n�d�h�k�g�`�L�V �W�R �V�W�D�U�W �Z�L�W�K �D �¹�­�Q�L�W�H �Q�X�P�E�H�U �R�I

�W�U�D�L�Q�L�Q�J �H�[�D�P�S�O�H�V�� �¹�­�Q�G �W�K�H �P�D�[�L�P�X�P �P�D�U�J�L�Q �V�R�O�X�W�L�R�Q �I�R�U �W�K�D�W �W�U�D�L�Q�L�Q�J �V�H�W�� �D�X�J�P�H�Q�W �W�K�H �W�U�D�L�Q�L�Q�J �V�H�W

�E�\ �O�R�R�N�L�Q�J �I�R�U �D �S�R�L�Q�W �R�Q �W�K�H �P�D�Q�L�I�R�O�G�V �W�K�D�W �P�R�V�W �Y�L�R�O�D�W�H�V �W�K�H �F�R�Q�V�W�U�D�L�Q�W�V�� �D�Q�G �L�W�H�U�D�W�L�Q�J �W�K�L�V �S�U�R�F�H�V�V

�X�Q�W�L�O �D �W�R�O�H�U�D�Q�F�H �F�U�L�W�H�U�L�R�Q �L�V �U�H�D�F�K�H�G��

�$�W �H�D�F�K �V�W�D�J�H�f �R�I �W�K�H �D�O�J�R�U�L�W�K�P �W�K�H�U�H �L�V �D �¹�­�Q�L�W�H �V�H�W �R�I �W�U�D�L�Q�L�Q�J �S�R�L�Q�W�V �D�Q�G �D�V�V�R�F�L�D�W�H�G �O�D�E�H�O�V�� �7�K�H

�W�U�D�L�Q�L�Q�J �V�H�W �D�W �W�K�H�f���W�K �L�W�H�U�D�W�L�R�Q �L�V �G�H�Q�R�W�H�G �E�\ �W�K�H �V�H�W���O�f =
24

!�s�d+ �H�k�d, �t�k�d
53

�Z�L�W�K�d= �ù, . . . , |�O�f|

�H�[�D�P�S�O�H�V�� �)�R�U �W�K�H�d���W�K �S�D�W�W�H�U�Q �L�Q�O�f���k�d�L�V �W�K�H �L�Q�G�H�[ �R�I �W�K�H �P�D�Q�L�I�R�O�G�� �D�Q�G�t�k�d�L�V �L�W�V �D�V�V�R�F�L�D�W�H�G �O�D�E�H�O��

����



�2�Q �W�K�L�V �V�H�W �R�I �H�[�D�P�S�O�H�V�� �Z�H �V�R�O�Y�H �W�K�H �I�R�O�O�R�Z�L�Q�J �¹�­�Q�L�W�H �T�X�D�G�U�D�W�L�F �S�U�R�J�U�D�P�P�L�Q�J �S�U�R�E�O�H�P��

�N�Q�H�O�f : �D�U�J�P�L�Q
#�r

�ù
�æ&!�r&�æ

�n.�o.1!�s�d+ �O�f : �t�k�d
H
!�r,!�s�d

I
" �ù

����������

�W�R �R�E�W�D�L�Q �W�K�H �R�S�W�L�P�D�O �Z�H�L�J�K�W�V!�r(�f) �R�Q �W�K�H �W�U�D�L�Q�L�Q�J �V�H�W�O�f�� �:�H �W�K�H�Q �¹�­�Q�G �D �Z�R�U�V�W �F�R�Q�V�W�U�D�L�Q�W���Y�L�R�O�D�W�L�Q�J

�S�R�L�Q�W!�s�f+ �ù+ �H�k�f+ �ù�I�U�R�P �R�Q�H �R�I �W�K�H �P�D�Q�L�I�R�O�G�V �V�X�F�K �W�K�D�W

{ �k�f+ �ù, !�s�f+ �ù} : �D�U�J�P�L�Q
�k,#�s, �H�k

�t�k
J

!�r(�f) ,!�s
K

< �ù! & ����������

�Z�L�W�K �D �U�H�T�X�L�U�H�G �W�R�O�H�U�D�Q�F�H& > �å. �,�I �W�K�H�U�H �L�V �Q�R �V�X�F�K �S�R�L�Q�W�� �W�K�H�H�è
�n�d�h�k�g�`�D�O�J�R�U�L�W�K�P �W�H�U�P�L�Q�D�W�H�V�� �,�I

�V�X�F�K �D �S�R�L�Q�W �H�[�L�V�W�V�� �L�W �L�V �D�G�G�H�G �W�R �W�K�H �W�U�D�L�Q�L�Q�J �V�H�W�� �G�H�¹�­�Q�L�Q�J �W�K�H �Q�H�Z �V�H�W�O�f+ �ù= �O�f 4
24

!�s�f+ �ù, �t�k�f+ �ù

53
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�7�K�H �D�O�J�R�U�L�W�K�P �W�K�H�Q �S�U�R�F�H�H�G�V �D�W �W�K�H �Q�H�[�W �L�W�H�U�D�W�L�R�Q �W�R �V�R�O�Y�H�N�Q�H�O�f+ �ù�W�R �R�E�W�D�L�Q!�r(�f+ �ù) �� �)�R�U�f = �ù�� �W�K�H

�V�H�W�O�ù�L�V �L�Q�L�W�L�D�O�L�]�H�G �Z�L�W�K �D�W �O�H�D�V�W �R�Q�H �S�R�L�Q�W �I�U�R�P �H�D�F�K �P�D�Q�L�I�R�O�G�� �7�K�H �S�V�H�X�G�R�F�R�G�H �I�R�U�H�è
�n�d�h�k�g�`�L�V �V�K�R�Z�Q

�L�Q����

�,�Q �V�W�H�S �� �R�I �W�K�H�H�è
�n�d�h�k�g�`�D�O�J�R�U�L�W�K�P�� �D �S�R�L�Q�W �D�P�R�Q�J �W�K�H �P�D�Q�L�I�R�O�G�V �Q�H�H�G�V �W�R �E�H �I�R�X�Q�G �Z�L�W�K �W�K�H �Z�R�U�V�W

�P�D�U�J�L�Q �F�R�Q�V�W�U�D�L�Q�W �Y�L�R�O�D�W�L�R�Q�� �7�K�L�V �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �F�R�Q�Y�H�Q�L�H�Q�W �L�I �W�K�H �P�D�Q�L�I�R�O�G�V �D�U�H �J�L�Y�H�Q �E�\ �D�Q�D�O�\�W�L�F �S�D�U�D��

�P�H�W�U�L�F �I�R�U�P�V�� �Z�K�H�U�H �W�K�L�V �S�R�L�Q�W�F�R�X�O�G �E�H �F�R�P�S�X�W�H�G �D�Q�D�O�\�W�L�F�D�O�O�\ �D�V �I�R�U �W�K�H �F�D�V�H �R�I �P�D�Q�L�I�R�O�G�V �Z�L�W�K�G�æ�E�D�O�O�V

�R�U �H�O�O�L�S�V�H�V�� �+�R�Z�H�Y�H�U�� �I�R�U �W�K�H �D�O�J�R�U�L�W�K�P �W�R �F�R�Q�Y�H�U�J�H �L�W �L�V �V�X�¸�¹�­�F�L�H�Q�W �W�K�D�W �D �F�R�Q�V�W�U�D�L�Q�W �Y�L�R�O�D�W�L�R�Q �S�R�L�Q�W �L�V

�I�R�X�Q�G�� �7�K�X�V�� �O�R�F�D�O �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H�V �V�X�F�K �D�V �J�U�D�G�L�H�Q�W �G�H�V�F�H�Q�W �P�D�\ �E�H �X�V�H�G �W�R �V�H�D�U�F�K �I�R�U �V�X�F�K

�D �S�R�L�Q�W�� �+�R�Z�H�Y�H�U�� �W�K�H �V�S�H�H�G �R�I �F�R�Q�Y�H�U�J�H�Q�F�H �L�Q �W�K�H �O�D�W�W�H�U �V�W�D�J�H�V �R�I�H�è
�n�d�h�k�g�`�P�L�J�K�W �E�H �L�P�S�U�R�Y�H�G �E�\ �D
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�D�G�G�L�Q�J �W�K�H �Z�R�U�V�W �Y�L�R�O�D�W�L�Q�J �S�R�L�Q�W �W�R �D �¹�­�Q�L�W�H �W�U�D�L�Q�L�Q�J �V�H�W�� �D�Q�G �X�S�G�D�W�L�Q�J �D �P�D�[�L�P�X�P �P�D�U�J�L�Q �V�R�O�X�W�L�R�Q��
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�7�K�H�U�H �D�U�H �W�Z�R �Y�H�U�V�L�R�Q�V �R�I �W�K�H �D�O�J�R�U�L�W�K�P�� �R�Q�H �Z�L�W�K�R�X�W �V�O�D�F�N �Y�D�U�L�D�E�O�H �D�S�S�U�R�S�U�L�D�W�H �I�R�U �V�H�S�D�U�D�E�O�H �P�D�Q�L��

�I�R�O�G�V�� �D�Q�G �D �V�O�D�F�N �Y�H�U�V�L�R�Q �I�R�U �Q�R�Q���V�H�S�D�U�D�E�O�H �P�D�Q�L�I�R�O�G�V�� �:�H �S�U�R�Y�H�G �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �R�I�H�è�� �D�Q�G �S�U�R��

�Y�L�G�H�G �E�R�X�Q�G�V �R�Q �W�K�H �Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V �U�H�T�X�L�U�H�G �D�Q�G �W�K�H �G�H�Y�L�D�W�L�R�Q �I�U�R�P �W�K�H �R�S�W�L�P�D�O �R�E�M�H�F�W�L�Y�H �I�X�Q�F��

�W�L�R�Q�� �2�Q �H�[�S�H�U�L�P�H�Q�W�V �Z�L�W�K �E�R�W�K �V�\�Q�W�K�H�W�L�F �P�D�Q�L�I�R�O�G�V �D�Q�G �Z�L�W�K �D�F�W�X�D�O �L�P�D�J�H �P�D�Q�L�I�R�O�G�V�� �R�X�U �H�P�S�L�U�L�F�D�O

�U�H�V�X�O�W�V �G�H�P�R�Q�V�W�U�D�W�H �W�K�H �H�¸�¹�­�F�L�H�Q�F�\ �R�I�H�è�D�Q�G �W�K�H �V�X�S�H�U�L�R�U �S�H�U�I�R�U�P�D�Q�F�H �L�Q �W�H�U�P�V �R�I �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U��

�F�R�P�S�D�U�H�G �W�R �F�R�Q�Y�H�Q�W�L�R�Q�D�O �6�9�0�#�V�� �X�V�L�Q�J �G�D�W�D �D�X�J�P�H�Q�W�D�W�L�R�Q �W�H�F�K�Q�L�T�X�H�V �Z�L�W�K �P�D�Q�\ �Y�L�U�W�X�D�O �H�[�D�P�S�O�H�V��

�2�Q�J�R�L�Q�J �Z�R�U�N �L�Q�F�O�X�G�H�V �W�K�H�R�U�H�W�L�F�D�O �U�H�V�H�D�U�F�K �W�R �X�Q�G�H�U�V�W�D�Q�G �K�R�Z�H�è�H�[�S�O�L�F�L�W�O�\ �V�F�D�O�H�V �Z�L�W�K �W�K�H �Q�X�P�E�H�U

�R�I �P�D�Q�L�I�R�O�G�V �D�Q�G �W�K�H �H�P�E�H�G�G�L�Q�J �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\��

�7�K�H�U�H �L�V �Q�D�W�X�U�D�O �H�[�W�H�Q�V�L�R�Q �R�I�H�è�W�R �Q�R�Q�O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�H�U�V �Y�L�D �W�K�H �N�H�U�Q�H�O �W�U�L�F�N�� �D�V �D�O�O �R�X�U �R�S�H�U�D�W�L�R�Q�V

�L�Q�Y�R�O�Y�H �G�R�W �S�U�R�G�X�F�W�V �E�H�W�Z�H�H�Q �W�K�H �Z�H�L�J�K�W �Y�H�F�W�R�U!�r �D�Q�G �P�D�Q�L�I�R�O�G �S�R�L�Q�W�V�H�k(!�n)�� �$�W �H�D�F�K �L�W�H�U�D�W�L�R�Q��

�W�K�H �D�O�J�R�U�L�W�K�P �Z�R�X�O�G �V�R�O�Y�H �W�K�H �G�X�D�O �Y�H�U�V�L�R�Q �R�I �W�K�H�N�Q�H�O�f �S�U�R�E�O�H�P �Z�K�L�F�K �L�V �U�H�D�G�L�O�\ �N�H�U�Q�H�O�L�]�H�G�� �,�Q

�D�G�G�L�W�L�R�Q�� �W�K�H�H�è�D�O�J�R�U�L�W�K�P �U�H�O�L�H�V �X�S�R�Q �¹�­�Q�G�L�Q�J �D �S�R�L�Q�W �R�Q �D �P�D�Q�L�I�R�O�G �Z�L�W�K �V�X�¸�¹�­�F�L�H�Q�W�O�\ �V�W�U�R�Q�J �Y�L�R�O�D�W�L�R�Q

�R�I �W�K�H �F�R�Q�V�W�U�D�L�Q�W�V�� �6�L�Q�F�H �D �O�R�F�D�O �P�L�Q�L�P�L�]�D�W�L�R�Q �R�I �W�K�H �F�R�Q�V�W�U�D�L�Q�W �Y�L�R�O�D�W�L�R�Q �D�W �H�D�F�K �V�W�D�J�H �L�V �V�X�¸�¹�­�F�L�H�Q�W �L�Q

�W�K�H �U�H�O�D�[�H�G �Y�H�U�V�L�R�Q �R�I �W�K�H �D�O�J�R�U�L�W�K�P�� �Z�H �H�[�S�H�F�W �W�K�D�W �W�K�L�V �V�W�H�S �R�I�H�è�Z�L�O�O �E�H �S�U�D�F�W�L�F�D�O �I�R�U �V�L�P�S�O�H�U �N�H�U�Q�H�O
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�I�X�Q�F�W�L�R�Q�V�� �+�R�Z�H�Y�H�U�� �Z�H �Q�R�W�H �W�K�D�W �Z�L�W�K �L�Q�¹�­�Q�L�W�H���G�L�P�H�Q�V�L�R�Q�D�O �N�H�U�Q�H�O�V �V�X�F�K �D�V �5�%�)�#�V�� �W�K�H �I�X�O�O �P�D�Q�L�I�R�O�G

�R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �E�H�F�R�P�H�V �D �I�X�O�O�\ �L�Q�¹�­�Q�L�W�H �T�X�D�G�U�D�W�L�F �S�U�R�J�U�D�P�P�L�Q�J �S�U�R�E�O�H�P�� �Q�R �O�R�Q�J�H�U �D �×�6�,�3

�Z�K�L�F�K �U�H�T�X�L�U�H�V �I�X�U�W�K�H�U �W�K�H�R�U�H�W�L�F�D�O �Z�R�U�N �W�R �H�V�W�D�E�O�L�V�K �W�K�H �H�[�L�V�W�H�Q�F�H �D�Q�G �S�U�R�S�H�U�W�L�H�V �R�I �R�S�W�L�P�D�O �V�R�O�X�W�L�R�Q�V��

�%�H�\�R�Q�G �E�L�Q�D�U�\ �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q�� �Y�D�U�L�D�W�L�R�Q�V �R�I�H�è �F�D�Q �D�O�V�R �E�H �X�V�H�G �W�R �V�R�O�Y�H �R�W�K�H�U �P�D�F�K�L�Q�H �O�H�D�U�Q�L�Q�J

�S�U�R�E�O�H�P�V �L�Q�F�O�X�G�L�Q�J �P�X�O�W�L���F�O�D�V�V �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q�� �U�D�Q�N�L�Q�J�� �R�Q�H���F�O�D�V�V �O�H�D�U�Q�L�Q�J�� �H�W�F�� �,�Q �W�K�L�V �Z�R�U�N�� �Z�H �K�D�Y�H

�V�K�R�Z�Q �K�R�Z�H�è�F�D�Q �E�H �X�V�H�G �W�R �F�O�D�V�V�L�I�\ �L�P�D�J�H �P�D�Q�L�I�R�O�G�V �D�W �S�L�[�H�O �L�Q�S�X�W �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V�� �:�H �F�D�Q �D�O�V�R �X�V�H

�W�K�L�V �D�O�J�R�U�L�W�K�P �W�R �H�Y�D�O�X�D�W�H �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �E�H�Q�H�¹�­�W�V �R�I �P�D�Q�L�I�R�O�G �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �D�W �V�X�F�F�H�V�V�L�Y�H �O�D�\�H�U�V

�R�I �G�H�H�S �Q�H�W�Z�R�U�N�V �L�Q �E�R�W�K �P�D�F�K�L�Q�H �O�H�D�U�Q�L�Q�J �D�Q�G �L�Q �E�U�D�L�Q �V�H�Q�V�R�U�\ �K�L�H�U�D�U�F�K�L�H�V�� �:�H �D�O�V�R �D�Q�W�L�F�L�S�D�W�H �X�V�L�Q�J

�H�è�W�R �E�X�L�O�G �Q�R�Y�H�O �K�L�H�U�D�U�F�K�L�F�D�O �D�U�F�K�L�W�H�F�W�X�U�H�V �W�K�D�W �F�D�Q �L�Q�F�U�H�P�H�Q�W�D�O�O�\ �U�H�I�R�U�P�D�W �W�K�H �P�D�Q�L�I�R�O�G �U�H�S�U�H�V�H�Q�W�D��

�W�L�R�Q�V �W�K�U�R�X�J�K �W�K�H �O�D�\�H�U�V �I�R�U �E�H�W�W�H�U �R�Y�H�U�D�O�O �S�H�U�I�R�U�P�D�Q�F�H �L�Q �P�D�F�K�L�Q�H �O�H�D�U�Q�L�Q�J �W�D�V�N�V��

�:�H �D�Q�W�L�F�L�S�D�W�H �W�K�L�V �Z�R�U�N �Z�L�O�O �P�D�N�H �D�Q �L�P�S�R�U�W�D�Q�W �F�R�Q�W�U�L�E�X�W�L�R�Q �W�R �W�K�H �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�I �K�R�Z �Q�H�X�U�D�O

�D�U�F�K�L�W�H�F�W�X�U�H�V �F�D�Q �O�H�D�U�Q �W�R �S�U�R�F�H�V�V �K�L�J�K �G�L�P�H�Q�V�L�R�Q�D�O �U�H�D�O���Z�R�U�O�G �V�L�J�Q�D�O �H�Q�V�H�P�E�O�H�V �D�Q�G �F�R�S�H �Z�L�W�K �O�D�U�J�H

�Y�D�U�L�D�E�L�O�L�W�\ �G�X�H �W�R �F�R�Q�W�L�Q�X�R�X�V �P�R�G�X�O�D�W�L�R�Q �R�I �W�K�H �X�Q�G�H�U�O�\�L�Q�J �S�K�\�V�L�F�D�O �S�D�U�D�P�H�W�H�U�V��
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�,�Q �F�K�D�S�W�H�U���� �Z�H �D�S�S�O�L�H�G �P�H�W�K�R�G�V �I�U�R�P �V�W�D�W�L�V�W�L�F�D�O �P�H�F�K�D�Q�L�F�V �R�I �V�S�L�Q �J�O�D�V�V�H�V �W�R �V�R�O�Y�H �W�K�H �S�U�R�E�O�H�P �R�I

�O�L�Q�H�D�U�� �P�D�[ �P�D�U�J�L�Q�� �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �P�D�Q�L�I�R�O�G�V �Z�L�W�K �V�L�P�S�O�H �J�H�R�P�H�W�U�L�H�V �V�X�F�K �D�V �O�L�Q�H�V�� �D�V �Z�H�O�O �D�V�G�æ�D�Q�G

�G�k �E�D�O�O�V �H�P�E�H�G�G�H�G �L�Q �H�P�E�H�G�G�H�G �L�Q �D �O�L�Q�H�D�U �V�X�E�V�S�D�F�H �Z�L�W�K �G�L�P�H�Q�V�L�R�Q�V�?�� �Z�K�H�U�H�? �L�V �P�X�F�K �V�P�D�O�O�H�U

�W�K�D�Q �W�K�H �D�P�E�L�H�Q�W �G�L�P�H�Q�V�L�R�Q�I �� �,�Q �F�K�D�S�W�H�U���� �Z�H �S�U�H�V�H�Q�W�H�G �D �Q�H�Z �H�¸�¹�­�F�L�H�Q�W �D�O�J�R�U�L�W�K�P �I�R�U �¹�­�Q�G�L�Q�J �P�D�[

�P�D�U�J�L�Q �O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�H�U �R�I �P�D�Q�L�I�R�O�G�V��

�,�Q �W�K�L�V �F�K�D�S�W�H�U�� �Z�H �U�H�W�X�U�Q �W�R �W�K�H �W�K�H�R�U�\ �D�Q�G �F�R�Q�V�L�G�H�U �W�K�H �S�U�R�E�O�H�P �R�I �O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �J�H�Q�H�U�D�O

�P�D�Q�L�I�R�O�G�V�� �D�J�D�L�Q �Z�L�W�K �H�P�E�H�G�G�L�Q�J �G�L�P�H�Q�V�L�R�Q �P�X�F�K �V�P�D�O�O�H�U �W�K�D�Q�I �� �7�R �V�H�W �W�K�H �V�W�D�J�H �R�I �P�R�U�H �F�R�P�S�O�H�[

�J�H�R�P�H�W�U�L�H�V�� �Z�H �E�H�J�L�Q �E�\ �F�R�Q�V�L�G�H�U�L�Q�J �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I�?���G�L�P�H�Q�V�L�R�Q�D�O�G�æ�H�O�O�L�S�V�R�L�G�V�� �7�K�H �U�H�V�X�O�W�V

�I�U�R�P �W�K�H �D�Q�D�O�\�V�L�V �R�I �H�O�O�L�S�V�R�L�G�V �D�U�H �U�H�D�G�L�O�\ �H�[�W�H�Q�G�H�G �W�R �W�K�H �F�D�V�H �J�H�Q�H�U�D�O �V�P�R�R�W�K �F�R�Q�Y�H�[ �P�D�Q�L�I�R�O�G�V�� �:�H

�W�K�H�Q �P�R�Y�H �W�R �F�R�Q�V�L�G�H�U �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �Q�R�Q���V�P�R�R�W�K �O�R�Z �G�L�P�H�Q�V�L�R�Q�D�O �P�D�Q�L�I�R�O�G�V�� �Z�K�L�F�K �H�[�K�L�E�L�W �D �P�R�U�H
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�Z�K�L�F�K �D�U�H �F�O�R�V�H�V�W �W�R �W�K�H �V�H�S�D�U�D�W�L�Q�J �S�O�D�Q�H �G�H�¹�­�Q�H�G �E�\�Z�� �7�R �¹�­�Q�G �W�K�L�V �S�R�L�Q�W �I�R�U �W�K�Hµ�W�K �P�D�Q�L�I�R�O�G �Z�H

�G�H�¹�­�Q�H �W�K�H �¹�­�H�O�G�V�cµ�å = &�Z&! �ù�tµ �Z á�[µ�å�� �Z�K�L�F�K �D�U�H �W�K�H �¹�­�H�O�G ���W�K�H �S�U�R�W�H�F�W�L�R�Q �R�Q�Z�� �L�Q�G�X�F�H�G �E�\ �W�K�H

�P�D�Q�L�I�R�O�G�#�V �F�H�Q�W�H�U�� �D�Q�G�cµ�d = &�Z&! �ù�tµ �Zá�Xµ�d�d= �ù, ..., �? �� �Z�K�L�F�K �D�U�H �W�K�H�? �¹�­�H�O�G�V �L�Q�G�X�F�H�G �E�\ �W�K�H �E�D�V�L�V
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�Y�H�F�W�R�U�V �R�I �W�K�H �P�D�Q�L�I�R�O�G�� �,�Q �W�H�U�P�V �R�I �W�K�H�V�H �¹�­�H�O�G�V���������F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V

�cµ�å + �¦ (!�cµ) " �å ����������

�Z�K�H�U�H

�¦ (!�c) = ÷�n(!�c) á!�c! # ����������

�Z�K�H�U�H

÷�n(!�c) = �D�U�Jmin
#�n, �a(#�n)= �å

{!�ná!�c} ����������

�J�L�Y�H�V �W�K�H �S�R�L�Q�W �R�Q �W�K�H �P�D�Q�L�I�R�O�G �Z�K�L�F�K �K�D�V �W�K�H �V�P�D�O�O�H�V�W ���V�L�J�Q�H�G�� �S�U�R�M�H�F�W�L�R�Q �R�Q �W�K�H �K�\�S�H�U�S�O�D�Q�H�Z�� �,�Q

�R�U�G�H�U �W�R �H�Y�D�O�X�D�W�H÷�n(!�c)�� �Z�H �G�L�¸�I�H�U�H�Q�W�L�D�W�H
! �?

�d= �ù�n�d�c�d+ * �a(!�n�� �Z�L�W�K �U�H�V�S�H�F�W �W�R�n�d�� �Z�K�H�U�H* �L�V �D �/�D�J�U�D�Q�J�H

�P�X�O�W�L�S�O�L�H�U �H�Q�I�R�U�F�L�Q�J �W�K�H �P�D�Q�L�I�R�O�G �F�R�Q�V�W�U�D�L�Q�W�� �\�L�H�O�G�L�Q�J �L�Q �W�K�H �F�D�V�H �R�I �H�O�O�L�S�V�R�L�G�V��

÷�n�d= !
�c�d�M�æ

�dL !
�e�c

�æ
�e�M

�æ
�e

= !
�c�d�M�æ

�d@
@
@!�c7 !�M

@
@
@

����������

�Z�K�H�U�H7 �G�H�Q�R�W�H�V �H�O�H�P�H�Q�W���Z�L�V�H �S�U�R�G�X�F�W�� �D�Q�G||!�c7 !�M|| �L�V �W�K�H�G�æ�Q�R�U�P �R�I �W�K�H�?���G�L�P�H�Q�V�L�R�Q�D�O �Y�H�F�W�R�U

�Z�K�R�V�H �F�R�P�S�R�Q�H�Q�W�V �D�U�H{ �c�d�M�d�`�� �7�R �H�Y�D�O�X�D�W�H�¦ �� �Z�H �Q�R�W�H �W�K�D�W÷�ná!�c= !
@
@
@!�c7 !�M

@
@
@�� �K�H�Q�F�H��

�¦ (!�c) = !
@
@
@!�c7 !�M

@
@
@! # ������������

�“�:�‘�:�’ ���;�-�m �
�b�;�t�7 �$�_�;�o�u�‹

�:�H �F�R�Q�V�L�G�H�U �D �W�K�H�U�P�R�G�\�Q�D�P�L�F �O�L�P�L�W �Z�K�H�U�H�I , �K # $ �Z�K�H�U�H�D�V" = �K/ �I , �'�� �D�Q�G!�M�D�U�H �¹�­�Q�L�W�H��

�)�R�O�O�R�Z�L�Q�J �*�D�U�G�Q�H�U�#�V �I�U�D�P�H�Z�R�U�N�� �Z�H �F�R�P�S�X�W�H �W�K�H �D�Y�H�U�D�J�H �R�I �O�Q�Q�� �Z�K�H�U�H�Q�L�V �W�K�H �Y�R�O�X�P�H �R�I �W�K�H �V�S�D�F�H
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�R�I �W�K�H �V�R�O�X�W�L�R�Q�V�� �Z�K�L�F�K �L�Q �R�X�U �F�D�V�H�� �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V��

�Q=
'

�_�I �Z$ &(�Z�æ! �I )�£�K
µ= �ù�  µ (�cµ�å + �¦ (!�cµ)) ������������

�Z�K�H�U�H�  �L�V �W�K�H �+�H�D�Y�L�V�L�G�H �I�X�Q�F�W�L�R�Q�� �:�H �X�V�H �U�H�S�O�L�F�D �W�K�H�R�U�\��/ ln �Q0 = lim �i& �å
' �Q�i (! �ù

�i �� �Z�K�H�U�H/0 �U�H�I�H�U�V

�W�R �W�K�H �D�Y�H�U�D�J�H �R�Y�H�U �W�K�H �#�T�X�H�Q�F�K�H�G �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �W�K�H �L�Q�S�X�W �S�D�U�D�P�H�W�H�U�V���[�åµ �D�Q�G�Xµ �D�Q�G �W�K�H �O�D�E�H�O�V��

�W�R �H�Y�D�O�X�D�W�H/ ln �Q0�Y�L�D �W�K�H �U�H�S�O�L�F�D �V�\�P�P�H�W�U�L�F �V�D�G�G�O�H �S�R�L�Q�W �H�T�X�D�W�L�R�Q�V�� �7�K�H �V�D�G�G�O�H �S�R�L�Q�W �D�S�S�U�R�[�L�P�D�W�L�R�Q

�L�V �H�[�D�F�W �L�Q �W�K�H �W�K�H�U�P�R�G�\�Q�D�P�L�F �O�L�P�L�W �D�Q�G �W�K�H �U�H�S�O�L�F�D �V�\�P�P�H�W�U�L�F �D�Q�V�D�W�] �K�R�O�G�V �I�R�U �F�R�Q�Y�H�[ �S�U�R�E�O�H�P�V �V�X�F�K

�D�V �R�X�U�V�� �7�K�H�V�H �H�T�X�D�W�L�R�Q�V �D�U�H �H�[�S�U�H�V�V�H�G �L�Q �W�H�U�P�V �R�I �W�K�H �R�U�G�H�U �S�D�U�D�P�H�W�H�U���l = �ù
�I / �Z$ á�Z%, " -= ' ��

�Z�K�H�U�H�Z$ �D�Q�G�Z%�D�U�H �W�Z�R �W�\�S�L�F�D�O �V�R�O�X�W�L�R�Q�V �R�I �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �S�U�R�E�O�H�P��

�7�K�H �#�I�U�H�H �H�Q�H�U�J�\�#�B�D�V�V�R�F�L�D�W�H�G �Z�L�W�K/ �Q�i0�L�V �J�L�Y�H�Q �E�\��

/ �Q�i0�s�å,�p,�t 2 � �̀I�i [�B(�l)] = � �̀I�i [�B�å(�l)+ $ �B�ù(�l)] ������������

�Z�K�H�U�H��

�B�å(�l) =
�ù
�æ

ln( �ù! �l) +
�l

�æ(�ù! �l)
������������

�L�V �W�K�H �H�Q�W�U�R�S�L�F �W�H�U�P �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �Y�R�O�X�P�H �R�I�Z�V�X�E�M�H�F�W �W�R �W�K�H �F�R�Q�V�W�U�D�L�Q�W �W�K�D�W�l = �ù
�I �Z$ á�Z%���B�ù(�l)

�H�P�E�R�G�L�H�V �W�K�H �F�R�Q�V�W�U�D�L�Q�W�V �L�P�S�R�V�H�G �E�\ �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �W�D�V�N �D�Q�G �L�V �H�[�S�U�H�V�V�H�G �L�Q �W�H�U�P�V �R�I �W�K�H �¹�­�H�O�G�V�cµ�å

�D�Q�G!�cµ �� �,�Q �W�K�H �F�R�Q�V�L�G�H�U�H�G �O�L�P�L�W�� �W�K�H�V�H �¹�­�H�O�G�V �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V �V�X�P�V �R�I �W�Z�R �U�D�Q�G�R�P �¹�­�H�O�G�V�� �Z�K�H�U�H�o�å

�D�Q�G!�o�D�U�H �W�K�H �T�X�H�Q�F�K�H�G �F�R�P�S�R�Q�H�Q�W �U�H�V�X�O�W�L�Q�J �I�U�R�P �W�K�H �T�X�H�Q�F�K�H�G �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�� �Q�D�P�H�O�\ �W�K�H �L�Q�S�X�W

�Y�H�F�W�R�U�V�[µ�å �D�Q�G�Xµ�d�� �Z�K�L�O�H �W�K�H�u�å�D�Q�G!�u�D�U�H �W�K�H �¹�­�H�O�G�V �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �Y�D�U�L�D�E�L�O�L�W�\ �R�I �G�L�¸�I�H�U�H�Q�W�Z�#�V �Z�L�W�K�L�Q

�W�K�H �Y�R�O�X�P�H �R�I �V�R�O�X�W�L�R�Q�V �I�R�U �H�D�F�K �U�H�D�O�L�]�D�W�L�R�Q �R�I �L�Q�S�X�W�V �D�Q�G �O�D�E�H�O�V��

�cµ�å =
(

�l�oµ�å +
/

�ù! �l�uµ�å, !�cµ =
(

�l!�oµ +
/

�ù! �l!�uµ ������������
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�D�Q�G��

�B�ù(�l) = / �O�Q�U(�l, �o�å,!�o)0�o�å,#�o
������������

�Z�K�H�U�H �W�K�H �D�Y�H�U�D�J�H �Z�U�W�o�å��!�o�G�H�Q�R�W�H�V �L�Q�W�H�J�U�D�O�V �R�Y�H�U �W�K�H �J�D�X�V�V�L�D�Q �Y�D�U�L�D�E�O�H�V�o�å��!�o�Z�L�W�K �P�H�D�V�X�U�H�V�?�o�å �D�Q�G

�?!�o= ) �d�?�o�d�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �D�Q�G

�U(�l, �o�å, �o) =
' "

!"
�?�u�å

' "

!"
�?!�u� 

=- (
�l�o�å+

/
�ù! �l�u�å

.
+ �¦

- (
�l!�o+

/
�ù! �l!�u

.>
������������

�)�L�Q�D�O�O�\���l �L�V �G�H�W�H�U�P�L�Q�H�G �E�\ �V�R�O�Y�L�Q�J&�B
&�l = �å�� �6�R�O�X�W�L�R�Q �Z�L�W�K�l < �ù�L�Q�G�L�F�D�W�H�V �D �¹�­�Q�L�W�H �Y�R�O�X�P�H �R�I �V�R�O�X�W�L�R�Q�V��

�)�R�U �H�D�F�K# �W�K�H�U�H �L�V �D �P�D�[�L�P�X�P �Y�D�O�X�H �R�I" �Z�K�H�U�H �D �V�R�O�X�W�L�R�Q �H�[�L�V�W�V�� �$�V" �D�S�S�U�R�D�F�K�H�V �W�K�L�V �P�D�[�L�P�D�O �Y�D�O�X�H��

�l # �ù�L�Q�G�L�F�D�W�L�Q�J �W�K�H �H�[�L�V�W�H�Q�F�H �R�I �D �X�Q�L�T�X�H �V�R�O�X�W�L�R�Q�� �Z�K�L�F�K �L�V �W�K�H �P�D�[ �P�D�U�J�L�Q �V�R�O�X�W�L�R�Q �I�R�U �W�K�L�V" � � � :� H

�I�R�F�X�V �R�Q �W�K�H �S�U�R�S�H�U�W�L�H�V �R�I �W�K�H�P�D�[ �P�D�U�J�L�Q�V�R�O�X�W�L�R�Q�� �L���H���� �R�Q �W�K�H �O�L�P�L�W�l # �ù.

�“�:�‘�:�“ �$�_�; ���-�r�-�1�b�|�‹ ���b�l�b�|

�:�H �G�H�¹�­�Q�H

�L =
�l

�ù! �l
������������

�D�Q�G �V�W�X�G�\ �W�K�H �O�L�P�L�W �R�I�L # $ �� �,�Q �W�K�L�V �O�L�P�L�W�� �W�K�H �O�H�D�G�L�Q�J �R�U�G�H�U �I�R�U�B�å�W�H�U�P �L�V�B�å = �L
�æ�D�Q�G�B�ù�F�D�Q �E�H

�H�Y�D�O�X�D�W�H�G �E�\ �D �V�D�G�G�O�H �S�R�L�Q�W �D�S�S�U�R�[�L�P�D�W�L�R�Q �R�I �W�K�H�u�å�D�Q�G!�u�L�Q�W�H�J�U�D�O�V��

ln �U(�o�å,!�o) = ! min
�u�å,#�u,

(
�L�o�å+ �u�å+ �¦

" (
�L#�o+#�u

#
> �å

�ù
�æ

=
�u�æ�å+ &!�u&�æ

>
������������

����



�6�F�D�O�L�Q�J �W�K�H �Y�D�U�L�D�E�O�H�V�u�å �D�Q�G�u�V�X�F�K �W�K�D�W�u�å #
(

�L�u�å �D�Q�G�u#
(

�L�u�D�Q�G �X�V�L�Q�J �W�K�H �I�D�F�W �W�K�D�W�¦ (!�c) �L�V

�O�L�Q�H�D�U �L�Q �W�K�H �P�D�J�Q�L�W�X�G�H �R�I!�c�W�R �Z�U�L�W�Hln�U(�o�å,!�o) = ! �L
�æ�A(�o�å,!�o) ��

�A(�o�å,�o) = min
�u�å,#�u,�o�å+ �u�å+ �¦ (#�o+#�u)> �å

=
�u�æ�å+ &!�u&�æ

>
������������

�Z�K�H�U�H�¦ (!�c) = !
@
@
@!�c7 !�M

@
@
@! # ���(�T�Q�������������� �)�L�Q�D�O�O�\��

/ ln �Q0=
�L
�æ

=
�ù! " / �A(�o�å,!�o)0�o�å,#�o

>
������������

�V�R �W�K�H �F�D�S�D�F�L�W�\�� �G�H�¹�­�Q�H�G �E�\ �Y�D�Q�L�V�K�L�Q�J/ ln �Q0�L�V �J�L�Y�H�Q �E�\��

" ! �ù
�@(#) = / �A(�o�å,!�o)0�o�å,#�o

������������

�Z�K�H�U�H �W�K�H �V�X�E�V�F�U�L�S�W�@�V�W�D�Q�G�V �I�R�U �H�O�O�L�S�V�R�L�G�V�� �)�R�U �H�D�F�K!�o�W�K�H �Q�D�W�X�U�H �R�I �W�K�H �V�R�O�X�W�L�R�Q �W�R �W�K�Hmin �R�S�H�U�D�W�L�R�Q

�L�Q���������G�H�S�H�Q�G�V �R�Q�o�å �\�L�H�O�G�L�Q�J �W�K�U�H�H �U�H�J�L�P�H�V �R�I�o�å �Z�L�W�K �T�X�D�O�L�W�D�W�L�Y�H�O�\ �G�L�¸�I�H�U�H�Q�W �F�R�Q�W�U�L�E�X�W�L�R�Q�V �W�R �W�K�H

�F�D�S�D�F�L�W�\�� �D�V �G�H�V�F�U�L�E�H�G �E�H�O�R�Z��

�!�;�]�b�l�; �• �P���m�|�;�u�b�o�u ���-�m�b�=�o�t�7�v�Q�9�o�å ! ! >
A
A
A"�O

A
A
A

�Z�K�H�U�H��

!�O= !�o7 !�M ������������

�,�Q �W�K�L�V �F�D�V�H�� �W�K�H �V�R�O�X�W�L�R�Q �L�V�u�å = �u= �å�D�Q�G �G�R�H�V �Q�R�W �F�R�Q�W�U�L�E�X�W�H �W�R �(�T������������

�)�R�U �Y�D�O�X�H�V �R�I�o�å! # %
A
A
A!�O

A
A
A�� �W�K�H �V�R�O�X�W�L�R�Q �R�E�H�\�V

�o�å+ �u�å+ �¦
4
!�o+ !�u

5
= �å ������������

�P�H�D�Q�L�Q�J �W�K�D�W �W�K�H �F�O�R�V�H�V�W �S�R�L�Q�W �L�V �R�Q �W�K�H �P�D�U�J�L�Q �S�O�D�Q�H�� �7�K�L�V �U�H�J�L�P�H�V �L�V �G�L�Y�L�G�H�G �L�Q�W�R �W�Z�R �F�D�V�H�V��
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�!�;�]�b�l�; �‘ �P�$�o�†�1�_�b�m�] ���-�m�b�=�o�t�7�v�Q�9�o�> < �o�å ! ! <
A
A
A"�O

A
A
A

�Z�K�H�U�H��

�o�> = !
M *

�d

�M! �æ
�d �o�æ�d ������������

�+�H�U�H���o�å+ �u�å+ �¦
4
!�o+ !�u

5
= �å�E�X�W�c�å = �o�å+ �u�å > # �� �L�P�S�O�\�L�Q�J �W�K�D�W �W�K�H �H�O�O�L�S�V�R�L�G �F�H�Q�W�H�U �L�V �D�Q �L�Q�W�H�U�L�R�U
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�P�D�Q�L�I�R�O�G�V �D�U�H �S�U�R�Y�L�G�H�G ���6�P�R�R�W�K�� �)�L�J�X�U�H�V���������������� �1�R�Q���V�P�R�R�W�K�� �)�L�J�X�U�H���������� �2�X�U �G�D�W�D �F�R�Q�V�L�V�W�V �R�I�K

�V�X�F�K �P�D�Q�L�I�R�O�G�V �D�Q�G �W�K�H�L�U �W�D�U�J�H�W �E�L�Q�D�U�\ �O�D�E�H�O�V �G�H�Q�R�W�H�G �D�V�tµ , µ = �ù, ..., �K�� �:�H �V�H�D�U�F�K �R�I �D �V�H�W �R�I �Z�H�L�J�K�W�V

�Z + R�I �W�K�D�W �R�E�H�\ �W�K�H �I�R�O�O�R�Z�L�Q�J �L�Q�H�T�X�D�O�L�W�L�H�V��

�tµ �Z�O

0

�[�åµ +
�?*

�d= �ù

�n�d�X
µ
�d
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" # &�Z& 1!�n, �a(!�n) % �å ������������

�,�Q �R�U�G�H�U �W�R �H�Y�D�O�X�D�W�H �W�K�H �D�E�L�O�L�W�\ �R�I �W�K�H �S�H�U�F�H�S�W�U�R�Q �W�R �F�O�D�V�V�L�I�\ �W�K�H �P�D�Q�L�I�R�O�G�V�� �Z�H �Q�H�H�G �W�R �V�S�H�F�L�I�\ �W�K�H�L�U

�V�W�D�W�L�V�W�L�F�D�O �S�U�R�S�H�U�W�L�H�V�� �$�V �E�H�I�R�U�H�� �Z�H �D�V�V�X�P�H �W�K�D�W �H�D�F�K �F�R�P�S�R�Q�H�Q�W �R�I�[µ�å���X
µ
�d �D�U�H �L�Q�G�H�S�H�Q�G�H�Q�W �*�D�X�V�V�L�D�Q

�U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �Z�L�W�K �X�Q�L�W �Y�D�U�L�D�Q�F�H�� �:�L�W�K �W�K�H�V�H �D�V�V�X�P�S�W�L�R�Q�V�� �D�Q�G �D�V�V�X�P�L�Q�J �O�D�U�J�H�I �� �W�K�H �F�H�Q�W�H�U�V �K�D�Y�H

�Q�R�U�P
(

�I �D�Q�G �W�K�H�X�d�#�V �D�U�H �R�U�W�K�R�J�R�Q�D�O �Y�H�F�W�R�U�V �Z�L�W�K �Q�R�U�P�V
(

�I ��

�6�L�P�L�O�D�U �W�R �W�K�H �U�H�S�O�L�F�D �F�D�O�F�X�O�D�W�L�R�Q �I�R�U �H�O�O�L�S�V�R�L�G�V�� �Z�H �F�R�Q�V�L�G�H�U �W�K�H �W�K�H�U�P�R�G�\�Q�D�P�L�F �O�L�P�L�W�I , �K# $ ��

�:�H �D�V�V�X�P�H �W�K�H �P�D�Q�L�I�R�O�G �H�P�E�H�G�G�L�Q�J �G�L�P�H�Q�V�L�R�Q���? �L�V �¹�­�Q�L�W�H �L�Q �W�K�H �W�K�H�U�P�R�G�\�Q�D�P�L�F �O�L�P�L�W�� �D�Q�G �W�K�D�W �W�K�H

�I�X�Q�F�W�L�R�Q�a(!�n�� �L�V �L�Q�G�H�S�H�Q�G�H�Q�W �R�I�I ��

�“�:�’�:�‘ �
�b�;�t�7�v �o�= �|�_�; ���t�o�v�;�v�| ���o�b�m�|

�*�L�Y�H�Q�Z�� �Z�H �G�H�¹�­�Q�H �W�K�H �¹�­�H�O�G�V �L�Q�G�X�F�H�G �E�\ �W�K�H �F�H�Q�W�H�U�V�cµ�å �D�Q�G �W�K�H �¹�­�H�O�G�V �L�Q�G�X�F�H�G �E�\ �W�K�H �E�D�V�L�V �Y�H�F�W�R�U�V!�cµ

�D�V�cµ�å = &�Z&! �ù�tµ �Zá�[µ�å�� �Z�K�L�F�K �D�U�H �W�K�H �¹�­�H�O�G �L�Q�G�X�F�H�G �E�\ �W�K�H �P�D�Q�L�I�R�O�G �F�H�Q�W�H�U�V�� �D�Q�G�cµ�d = &�Z&! �ù�tµ �Zá

�Xµ�d�d= �ù, ..., �? �� �8�V�L�Q�J �W�K�H�V�H �¹�­�H�O�G�V �Z�H �F�D�Q �H�[�S�U�H�V�V �W�K�H �F�R�Q�V�W�U�D�L�Q�W�V���������E�\ �(�T�Q�������D�Q�G�������F�R�U�U�H�V�S�R�Q�G��

�L�Q�J �W�R �W�K�H �S�R�L�Q�W �R�Q �W�K�H �P�D�Q�L�I�R�O�G�V �Z�L�W�K �W�K�H �V�P�D�O�O�H�V�W �S�U�R�M�H�F�W�L�R�Q �R�Q �W�K�H �P�D�U�J�L�Q �K�\�S�H�U�S�O�D�Q�H �R�I�Z�� �7�K�H

�H�Y�D�O�X�D�W�L�R�Q �R�I÷�n(!�c) �U�H�T�X�L�U�H�V �W�K�H �G�L�¸�I�H�U�H�Q�W�L�D�W�L�R�Q �R�I
! �?

�d= �ù�n�d�c�d+ * �a(!�n�� �Z�L�W�K �U�H�V�S�H�F�W �W�R�n�d�� �Z�K�H�U�H* �L�V �D

�/�D�J�U�D�Q�J�H �P�X�O�W�L�S�O�L�H�U �H�Q�I�R�U�F�L�Q�J �W�K�H �P�D�Q�L�I�R�O�G �F�R�Q�V�W�U�D�L�Q�W�� �\�L�H�O�G�L�Q�J��

�c�d= ! *+ �n�d�a(!�n), �a(!�n) = �å ������������
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�Z�K�L�F�K �Q�H�H�G�V �W�R �E�H �V�R�O�Y�H�G �I�R�U÷�n= !�n�D�Q�G �V�X�E�V�W�L�W�X�W�H �L�Q�¦ (!�c) = ÷�n(!�c) á!�c! #�� �7�K�H �U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H

�Y�H�F�W�R�U!�c�D�Q�G÷�n(!�c) �L�V �V�K�R�Z�Q �L�Q �)�L�J�����������D����

�“�:�’�:�’ ���;�-�m �
�b�;�t�7 ���t�†�-	ž�o�m�v �o�= �|�_�; ���-�r�-�1�b�|�‹

�:�H �X�V�H �W�K�H �U�H�S�O�L�F�D �W�K�H�R�U�\ �W�R �H�Y�D�O�X�D�W�H �W�K�H �O�L�P�L�W �Z�K�H�U�H �W�K�H �Y�R�O�X�P�H �R�I �V�R�O�X�W�L�R�Q�V �Y�D�Q�L�V�K�H�V�� �6�L�P�L�O�D�U �W�R �W�K�H

�U�H�S�O�L�F�D �F�D�O�F�X�O�D�W�L�R�Q �R�I �H�O�O�L�S�V�R�L�G�V�� �D�E�R�Y�H�� �W�K�H �H�T�X�D�W�L�R�Q �F�D�S�D�F�L�W�\ �L�V �J�L�Y�H�Q �E�\

" ! �ù
�H (#) = / �A(�o�å,!�o)0�o�å,#�o

������������

�Z�K�H�U�H�H �V�W�D�Q�G�V �I�R�U �P�D�Q�L�I�R�O�G�V

�A(�o�å,�o) = min
�u�å,#�u,�o�å+ �u�å+ �¦ (#�o+#�u)> �å

=
�u�æ�å+ &!�u&�æ

>
������������

�Z�K�H�U�H

�¦ (!�c) = ÷�n(!�c) á!�c! # ������������

�D�Q�G÷�n�L�V �W�K�H �S�D�U�D�P�H�W�H�U�L�]�D�W�L�R�Q �R�I �W�K�H �S�R�L�Q�W �R�Q �W�K�H �P�D�Q�L�I�R�O�G �W�K�D�W �L�V �F�O�R�V�H�V�W �W�R �W�K�H �V�R�O�X�W�L�R�Q �K�\�S�H�U�S�O�D�Q�H

�F�K�D�U�D�F�W�H�U�L�]�H�G �E�\!�c���P�L�Q�L�P�L�]�L�Q�J�¦ )�� �J�L�Y�H�Q �E�\�����������)�L�J�X�U�H �����������D����

�!�;�]�b�l�; �• �P���m�|�;�u�b�o�u ���-�m�b�=�o�t�7�v�Q�9�o�å ! ! > ! "�oá"�n(ö�o)

�,�Q �W�K�L�V �U�H�J�L�P�H���u�å = �u= �å�V�R �W�K�D�W �W�K�H �¹�­�H�O�G�V�c�å�D�Q�G!�c�D�U�H �V�L�P�S�O�\�o�å�D�Q�G!�o��!�n� ÷�n(!�o) �D�Q�G�¦ (!�o+ !�u) = �¦ (!�o)��

�7�K�L�V �U�H�J�L�P�H �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �F�D�V�H �Z�K�H�U�H �D�O�O �P�D�Q�L�I�R�O�G�V �D�U�H �L�Q�W�H�U�L�R�U �D�Q�G �G�R �Q�R�W �F�R�Q�W�U�L�E�X�W�H �W�R�A�� �7�K�H

�U�H�J�L�P�H �H�[�L�V�W�V �X�Q�W�L�O �W�K�H �L�Q�H�T�X�D�O�L�W�\�o�å+ �¦ (!�o) " �å�E�H�F�R�P�H�V �H�T�X�D�O�L�W�\�� �L���H�����o�å ! # = ! !�oá!�n(ö�o).

�!�;�]�b�l�; �‘ �P�$�o�†�1�_�b�m�] ���-�m�b�=�o�t�7�v�Q�9�o�> < �o�å ! ! < ! "�oá"�n(ö�o)

�+�H�U�H���o�å + �u�å + �¦
4
!�o+ !�u

5
= �å�E�X�W�c�å = �o�å + �u�å -= #�� �L�P�S�O�\�L�Q�J �W�K�D�W �W�K�H �P�D�Q�L�I�R�O�G�# �F�H�Q�W�H�U �L�V �D�Q

�L�Q�W�H�U�L�R�U �S�R�L�Q�W�� �L�Q �R�W�K�H�U �Z�R�U�G�V�� �W�K�H �P�D�Q�L�I�R�O�G �W�R�X�F�K�H�V �W�K�H �P�D�U�J�L�Q �S�O�D�Q�H �R�Q�O�\ �D�W �D �V�L�Q�J�O�H �S�R�L�Q�W�� �7�K�X�V�� �I�R�U
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�D �J�L�Y�H�Q�o�å�D�Q�G!�o�Z�H �Q�H�H�G �W�R �V�R�O�Y�H

min
#�u

=
�u�æ�å+ &!�u&�æ

>
������������

�Z�K�H�U�H�u�å = ! �o�å! �¦
4
!�o+ !�u

5
�� �'�L�¸�I�H�U�H�Q�W�L�D�W�L�Q�J �Z�L�W�K �U�H�V�S�H�F�W �W�R!�u�\�L�H�O�G�V��!�u= �u�å+#�u�¦ = �u�å+#�c{!�ná

!�c} ,

�Q�D�P�H�O�\��

!�u= �u�å!�n ������������

���Z�K�H�U�H �Z�H �K�D�Y�H �F�K�D�Q�J�H�G �Q�R�W�D�W�L�R�Q �I�U�R�P÷�n�W�R!�n���� �7�K�L�V �\�L�H�O�G�V �D�O�V�R���¦ = !�ná(!�o+ �u�å!�n) ! #�� �K�H�Q�F�H

�u�å = ( # ! �o�å! !�oá!�n)( �ù+ �n�æ)! �ù ������������

�)�L�Q�D�O�O�\���u�æ�å+ �u�æ= �u�æ�å(�ù+ �n�æ) �\�L�H�O�G�L�Q�J��

�A(�o�å,�o) =
(# ! !�oá!�n! �o�å)�æ

�ù+ �n�æ
������������

�u�å = ! (�o�å! #) + �¦ (!�u+ !�o) ������������

�7�K�L�V �U�H�J�L�P�H �K�R�O�G�V �D�V �O�R�Q�J �D�V �W�K�H �L�Q�W�H�U�L�R�U �¹�­�H�O�G�V!�o+ !�u�D�U�H �Q�R�Q �]�H�U�R�� �7�K�H �O�R�Z�H�U �O�L�P�L�W �R�I �W�K�L�V �U�H�J�L�P�H �L�V

�Z�K�H�Q�o�å�L�V �V�X�F�K �W�K�D�W �W�K�H�V�H �¹�­�H�O�G�V �Y�D�Q�L�V�K�� �L���H����!�u# ! !�o�� �K�H�Q�F�H��

!�o+ �u�å!�n(!�c) # �å ������������
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�V�R �W�K�D�W!�n�L�W�V�H�O�I �L�V �D�Q�W�L�S�D�U�D�O�O�H�O �W�R!�o��

!�n(!�c) = ! �u! �ù
�å

!�o ������������

�D�Q�G �Z�K�H�U�H�u�å = # ! �o�å�� �K�H�Q�F�H�o= ! �u�å�n�\�L�H�O�G�L�Q�J �I�R�U �W�K�H �O�R�Z�H�U �O�L�P�L�W �R�I �W�K�L�V �U�H�J�L�P�H��

�o�> = # !
�o

�n�>(!�o)
������������

�Z�K�H�U�H���n�>(!�o) �L�V �W�K�H �P�D�J�Q�L�W�X�G�H �R�I �W�K�H �S�R�L�Q�W!�n+(!�c) �G�H�¹�­�Q�H�G �E�\ �D �Y�H�F�W�R�U!�c�V�X�F�K �W�K�D�W!�n+(!�c) �L�V �S�D�U�D�O�O�H�O �W�R!�o��

�7�K�X�V���n�>(!�o) �L�V �V�L�P�S�O�\ �W�K�H �P�D�J�Q�L�W�X�G�H �R�I �W�K�H �L�Q�W�H�U�V�H�F�W�L�R�Q �R�I!�o�Z�L�W�K �W�K�H �P�D�Q�L�I�R�O�G�� �)�L�J�X�U�H���������E����

�A=
(! !�oá!�n! (�o�å! #)) �æ

�ù+ �n�æ
������������

�Z�K�H�U�H �W�K�H�?���G�L�P �Y�H�F�W�R�U!�n�K�D�V �W�R �E�H �F�D�O�F�X�O�D�W�H�G �V�H�O�I���F�R�Q�V�L�V�W�H�Q�W�O�\ �W�K�U�R�X�J�K��

!�n= ÷�n(!�o! �u�å!�n) ������������

�u�å =
! !�oá!�n+ # ! �o�å

�ù+ �n�æ
������������

�!�;�]�b�l�; �’ �P���l�0�;�7�7�;�7 ���-�m�b�=�o�t�7�v�Q�9�o�å ! ! < ! �o�>

�+�H�U�H!�c = !�o+ !�u= �å�� �D�Q�G�c�å = �o�å + �u�å = #, �L�P�S�O�\�L�Q�J �W�K�D�W �W�K�H �F�H�Q�W�H�U �S�R�L�Q�W �D�V �Z�H�O�O �D�V �W�K�H �H�Q�W�L�U�H

�P�D�Q�L�I�R�O�G �L�V �R�Q �W�K�H �P�D�U�J�L�Q �S�O�D�Q�H�� �K�H�Q�F�H

�A(�o�å,!�o) = ( �o�å! #)�æ+
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@!�o

@
@�æ
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�ù+ �n�æ
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�?!�o

' ! ! �o/ �n�>
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�Z�K�H�U�H��

!�n= ÷�n(!�o! �u�å!�n) ������������

�u�å =
! !�oá!�n! �o�å+ #

�ù+ �n�æ
������������

�D�Q�G�n�æ= ||!�n||�æ.�n�> �L�V �W�K�H �P�D�J�Q�L�W�X�G�H �R�I �W�K�H �L�Q�W�H�U�V�H�F�W�L�R�Q �R�I!�o�Z�L�W�K �W�K�H �P�D�Q�L�I�R�O�G��

�+�H�U�H��÷�n(!�c) �L�V �G�H�¹�­�Q�H�G �Y�L�D

÷�n(ö�c) = arg �P�L�Q�n$!�n
) áö�c, �a(!�n)) = �å ������������
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�?�N�Q�?�7 �]�b�ˆ�;�m �0�‹ ���t�m�:�“�:�”�–�†�v�b�m�]�M�d = �M�-�v �;�b�]�;�m�ˆ�-�t�†�;�v�: �P���t�†�;�Q �	�b�l�;�m�v�b�o�m �o�= �|�_�;�G�ù�l�-�m�b�=�o�t�7�v �;�ˆ�-�t�†�-�|�;�7 �0�‹ �|�_�;

�b�|�;�u�-	ž�ˆ�; �-�t�]�o�u�b�|�_�l�7�?�H�: �P���t�-�1�h �l�-�u�h�;�u�Q�?�=�ù �-�r�r�u�o�Š�b�l�-	ž�o�m �b�m �t�-�u�]�;�? �u�;�]�b�l�;�7�æ�t�o�]�? �P�	�;�u�b�ˆ�-	ž�o�m �b�m �-�r�r�;�m�7�b�Š�Q�: �P�1�Q �"�b�Œ�;

�P�!�-�7�b�†�v�Q �o�=�G�ù�l�-�m�b�=�o�t�7�v �7�b�ˆ�b�7�;�7 �0�‹�M�: �P�!�;�7�Q ���@�;�1	ž�ˆ�; �l�-�m�b�=�o�t�7 �u�-�7�b�†�v�M�H �;�ˆ�-�t�†�-�|�;�7 �0�‹ �|�_�; �b�|�;�u�-	ž�ˆ�; �-�t�]�o�u�b�|�_�l�7 �7�b�ˆ�b�7�;�7

�0�‹�M�7 �1�o�l�r�-�u�;�7 �‰�b�|�_ �†�m�b�|�‹ �P���t�†�;�Q�:

�G�ù�P�D�Q�L�I�R�O�G�V �W�K�D�W �D�U�H �H�P�E�H�G�G�H�G��

�!�-�m�7�o�l �"�|�u�b�m�]�v

�&�R�Q�V�L�G�H�U �W�K�H �S�U�R�E�O�H�P �R�I �O�L�Q�H�D�U�O�\ �F�O�D�V�V�L�I�\�L�Q�J�K�R�I �U�D�Q�G�R�P �V�W�U�L�Q�J�V�� �Z�K�R�V�H �L�Q�W�U�L�Q�V�L�F �G�L�P�H�Q�V�L�R�Q �L�V ���� �E�X�W

�W�K�H �H�P�E�H�G�G�L�Q�J �G�L�P�H�Q�V�L�R�Q �L�V�?�� �D�Q�G �W�K�H �D�P�E�L�H�Q�W �G�L�P�H�Q�V�L�R�Q �R�I�I �� �(�D�F�K �S�R�L�Q�W �R�Q �W�K�H �U�D�Q�G�R�P �V�W�U�L�Q�J

�L�V �S�D�U�D�P�H�W�H�U�L�]�H�G �E�\ �W�K�H �Y�H�F�W�R�U!�n�Z�K�R�V�H �F�R�P�S�R�Q�H�Q�W�V �D�U�H

�n�æ�f = �M�f�^�j�n{ �f (/ ! ( �f)} ; ��������������

�n�æ�f+ �ù= �M�f�n�d�i{ �f (/ ! ( �f)} ��������������
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�
�b�]�†�u�; �“�:�•�9 �!�-�m�7�o�l �"�|�u�b�m�]�v �P���t�t�†�v�|�u�-	ž�o�m�Q�:�P�-�Q �!�-�m�7�o�l �"�|�u�b�m�] �b�m ���;�†�u�-�t �"�|�-�|�; �"�r�-�1�;�: �$�_�; �ˆ�-�t�†�;�v �b�m �;�-�1�_ �-�l�0�b�;�m�| �7�b�l�;�m�v�b�o�m

�b�v �]�b�ˆ�;�m �0�‹ �;�-�1�_ �m�;�†�u�o�m�=�v �-�1	ž�ˆ�b�|�‹�: �$�_�; �u�-�m�7�o�l �v�|�u�b�m�]�=�v �7�;�]�u�;�; �o�= �=�u�;�;�7�o�l �b�v �•�7 �‰�_�b�t�; �|�_�; �;�l�0�;�7�7�b�m�] �7�b�l�;�m�v�b�o�m �b�v�?�:

���-�1�_ �r�o�b�m�| �o�m �|�_�; �v�-�l�r�t�; �l�-�m�b�=�o�t�7 �u�;�r�u�;�v�;�m�|�v �m�;�†�u�-�t �-�1	ž�ˆ�b�|�‹ �o�= �- �v�-�l�; �o�0�f�;�1�|�7 �‰�b�|�_ �7�b�@�;�u�;�m�| �t�-�|�;�m�| �ˆ�-�u�b�-�0�t�; �v�†�1�_ �-�v

�o�u�b�;�m�|�-	ž�o�m �o�= �-�m �o�0�f�;�1�|�: �P�0�Q ���;�†�u�-�t ���m�|�;�u�r�u�;�|�-	ž�o�m �o�= �!�-�m�7�o�l �"�|�u�b�m�]�v�: �$�_�; �u�-�m�7�o�l �v�|�u�b�m�] �l�-�m�b�=�o�t�7�v �]�b�ˆ�;�m �0�‹ ���t�m�v�:

�“�:�•�•�–�J�“�:�•�‘�•�1�-�m �0�; �b�m�|�;�u�r�u�;�|�;�7 �-�v �o�u�b�;�m�|�-	ž�o�m �|�†�m�;�7 �m�;�†�u�o�m�v �‰�b�|�_ �7�b�@�;�u�;�m�| �-�l�r�t�b�|�†�7�;�v �-�m�7 �=�u�;�t�†�;�m�1�b�;�v�: �P�1�Q ���t�t�†�v�|�u�-	ž�o�m

�o�=�M�i �=�o�u�i �|�_ �0�-�v�b�v �ˆ�;�1�|�o�u�7 �‰�_�b�1�_ �b�v �v�b�l�b�t�-�u �|�o �|�_�; �-�l�r�t�b�|�†�7�; �o�= �|�_�; �m�;�†�u�-�t �|�†�m�b�m�] �1�†�u�ˆ�; �=�o�u�i �|�_ �m�;�†�u�o�m�:

�7�K�L�V �F�D�Q �E�H �U�H���Z�U�L�W�W�H�Q �D�V

�sµ�d = ( �s�å)
µ
�d +

�?/ �æ*

�i= �ù

�M�i � �̀e�i(, ! - �i ) �p�d ��������������

���Z�K�H�U�H �W�K�H�e�L�V �X�V�H�G �D�V �D�Q �L�P�D�J�L�Q�D�U�\
(

! �ù�W�R �G�L�V�W�L�Q�J�X�L�V�K �I�U�R�P �W�K�H �L�Q�G�H�[�d����

�)�L�J�X�U�H�������L�O�O�X�V�W�U�D�W�H�V �D�Q �H�[�D�P�S�O�H �R�I �D �U�D�Q�G�R�P �V�W�U�L�Q�J�� �7�K�L�V �G�H�¹�­�Q�L�W�L�R�Q �K�D�V �D�Q �L�Q�W�H�U�H�V�W�L�Q�J �D�Q�D�O�R�J�\

�Z�L�W�K �W�K�H �D�F�W�L�Y�L�W�\ �S�D�W�W�H�U�Q�V �R�I �W�K�H �S�R�S�X�O�D�W�L�R�Q �R�I �R�U�L�H�Q�W�D�W�L�R�Q �W�X�Q�H�G �Q�H�X�U�R�Q�V�� �)�R�U �L�Q�V�W�D�Q�F�H�� �W�K�H �Y�D�O�X�H �R�I

�S�R�L�Q�W�[ �L�Q�d�W�K �G�L�P�H�Q�V�L�R�Q���s�d�F�D�Q �E�H �W�K�R�X�J�K�W �R�I �D�V�d�W�K �Q�H�X�U�R�Q�#�V �D�F�W�L�Y�L�W�\�� �Z�K�H�U�H �H�D�F�K �Q�H�X�U�R�Q �L�V �W�X�Q�H�G

�W�R �D �G�L�¸�I�H�U�H�Q�W �R�U�L�H�Q�W�D�W�L�R�Q ���P�L�G�G�O�H �S�D�Q�H�O���� �7�K�H �K�H�W�H�U�R�J�H�Q�R�X�V�M�d�F�D�Q �E�H �W�K�R�X�J�K�W �R�I �D�V �G�L�¸�I�H�U�H�Q�W �D�P�S�O�L��

�W�X�G�H�V �R�I �W�K�H �Q�H�X�U�D�O �D�F�W�L�Y�L�W�\�� �,�Q �W�K�L�V �D�Q�D�O�R�J�\�� �L�I �\�R�X �W�D�N�H �D�Q �R�E�M�H�F�W �D�W �R�Q�H �D�Q�J�O�H�� �W�K�H�Q �D�O�O �Q�H�X�U�R�Q�V �Z�L�O�O

�K�D�Y�H �G�L�¸�I�H�U�H�Q�W �O�H�Y�H�O�V �R�I �D�F�W�L�Y�D�W�L�R�Q�V�� �D�Q�G �W�K�H �V�O�L�F�H �R�I �W�K�H �D�F�W�L�Y�L�W�\ �S�D�W�W�H�U�Q�V �F�R�U�U�H�V�S�R�Q�G �W�R �D �S�R�L�Q�W �R�Q �D

�U�D�Q�G�R�P �V�W�U�L�Q�J�� �S�D�U�D�P�H�W�U�L�]�H�G �E�\/ �� �Z�K�L�F�K �L�V �H�V�V�H�Q�W�L�D�O�O�\ �W�K�H �D�Q�J�O�H �R�I �D�Q �R�E�M�H�F�W�� �,�I �\�R�X �F�K�D�Q�J�H �W�K�H �R�U�L��

�H�Q�W�D�W�L�R�Q �R�I �W�K�H �V�W�L�P�X�O�X�V�� �W�K�H�Q �W�K�H �D�F�W�L�Y�L�W�\ �S�D�W�W�H�U�Q�V �F�R�U�U�H�V�S�R�Q�G �W�R �D �G�L�¸�I�H�U�H�Q�W �V�O�L�F�H�� �Z�K�L�F�K �F�R�U�U�H�V�S�R�Q�G�V

�W�R �D �G�L�¸�I�H�U�H�Q�W �S�R�L�Q�W �R�Q �D/ ���S�D�U�D�P�H�W�U�L�]�H�G �U�D�Q�G�R�P �V�W�U�L�Q�J�� �2�Q�F�H �\�R�X �U�R�W�D�W�H �W�K�H �V�W�L�P�X�O�X�V �W�K�H �I�X�O�O�ç�ê�åû��
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�b�]�†�u�; �“�:�v�9 ���b�m�;�-�u ���t�-�v�v�b�C�1�-	ž�o�m �o�=�?�J�7�b�l�;�m�v�b�o�m�-�t �!�-�m�7�o�l �"�|�u�b�m�]�v�:�P�-�Q ���b�m�;�-�u ���t�-�v�v�b�C�1�-	ž�o�m ���-�r�-�1�b�|�‹ �o�=�?�J�7�b�l�;�m�v�b�o�m�-�t

�!�-�m�7�o�l �"�|�u�b�m�]�v�7" = �K/ �I �7 �‰�_�;�u�;�I �b�v �|�_�; �-�l�0�b�;�m�| �7�b�l�;�m�v�b�o�m�7 �-�m�7�K�b�v �|�_�; �l�-�Š�b�l�†�l �m�†�l�0�;�u �o�= �u�-�m�7�o�l �v�|�u�b�m�]�v �v�†�1�_

�|�_�-�|�K�u�-�m�7�o�l �v�|�u�b�m�]�v �-�u�; �t�b�m�;�-�u�t�‹ �v�;�r�-�u�-�0�t�;�: �$�_�; �;�l�0�;�7�7�b�m�] �7�b�l�;�m�v�b�o�m �o�= �u�-�m�7�o�l �v�|�u�b�m�]�v �†�v�;�7 �‰�-�v�? = �æ�å�-�m�7 �|�_�;

�m�†�l�0�;�u �o�= �v�†�0�v�-�l�r�t�;�v �†�v�;�7 �=�o�u �|�;�v	ž�m�] �‰�-�v�h = �æ�å�å�: �M�n�o�m�d�i�b�7 �o�ˆ�;�u�-�t�t �v�1�-�t�; �o�= �|�_�; �u�-�m�7�o�l �v�|�u�b�m�]�7 �-�m�7 �|�_�; �u�-�7�b�†�v �o�=

�|�_�;�?�J�7�b�l�;�m�v�b�o�m�-�t �0�-�t�t �|�_�-�| �|�_�; �u�-�m�7�o�l �v�|�u�b�m�] �b�v �o�m�7 �b�v �v�_�o�‰�m �b�m �|�_�;�s�J�-�Š�b�v�: �P�!�;�7 �7�-�v�_�;�7�Q ���;�-�m �C�;�t�7 �-�r�r�u�o�Š�b�l�-	ž�o�m

�1�-�r�-�1�b�|�‹" �d�o�`�m�7 �;�ˆ�-�t�†�-�|�;�7 �0�‹ �|�_�; �b�|�;�u�-	ž�ˆ�; �-�t�]�o�u�b�|�_�l �]�b�ˆ�;�m �b�m ���t�]�:�“ �-�m�7 ���t�]�:�u�: �P�+�;�t�t�o�‰ �l�-�u�h�;�u�Q �"�b�l�†�t�-	ž�o�m �1�-�r�-�1�b�|�‹

�1�-�t�1�†�t�-�|�;�7 �‰�b�|�_�I = �ù�å�å�-�m�7�é�å�b�|�;�u�-	ž�o�m�v �|�o �1�o�l�r�†�|�; �|�_�; �=�u�-�1	ž�o�m �o�= �t�b�m�;�-�u �v�;�r�-�u�-�0�b�t�b�|�‹�: �P�0�Q �	�b�l�;�m�v�b�o�m�v �o�= �|�_�;

�!�-�m�7�o�l �"�|�u�b�m�]�v�: �P���u�;�;�m�Q ���l�0�;�7�7�b�m�] �7�b�l�;�m�v�b�o�m�?�: �P�!�;�7 �7�-�v�_�;�7�Q ���-�u	ž�1�b�r�-	ž�o�m �u�-	ž�o�7�?�N�Q�?�7 �]�b�ˆ�;�m �0�‹ ���t�m�:�“�:�”�–�†�v�b�m�]

�M�d = �M�-�v �;�b�]�;�m�ˆ�-�t�†�;�v�: �P���t�†�;�Q �	�b�l�;�m�v�b�o�m �o�= �|�_�; �u�-�m�7�o�l �v�|�u�b�m�]�v �;�ˆ�-�t�†�-�|�;�7 �0�‹ �|�_�; �b�|�;�u�-	ž�ˆ�; �-�t�]�o�u�b�|�_�l�7�?�H�: �P���t�-�1�h

�l�-�u�h�;�u�Q �•�³�t�o�]�?�: �P�1�Q �"�b�Œ�; �P�!�-�7�b�†�v�Q �o�= �u�-�m�7�o�l �v�|�u�b�m�]�v �7�b�ˆ�b�7�;�7 �0�‹�M�: �P�!�;�7�Q ���@�;�1	ž�ˆ�; �l�-�m�b�=�o�t�7 �u�-�7�b�†�v�M�H �;�ˆ�-�t�†�-�|�;�7 �0�‹ �|�_�;

�b�|�;�u�-	ž�ˆ�; �-�t�]�o�u�b�|�_�l�7 �7�b�ˆ�b�7�;�7 �0�‹�M�7 �1�o�l�r�-�u�;�7 �‰�b�|�_ �†�m�b�|�‹ �P���t�†�;�Q�:

�W�K�H�Q �W�K�H �D�F�W�L�Y�L�W�\ �S�D�W�W�H�U�Q �F�R�P�H�V �E�D�F�N �W�R �W�K�H �R�U�L�J�L�Q�D�O �V�O�L�F�H�� �D�Q�G �\�R�X �F�R�P�H �E�D�F�N �W�R �W�K�H �R�U�L�J�L�Q�D�O �S�R�L�Q�W �R�Q

�W�K�H �U�D�Q�G�R�P �V�W�U�L�Q�J�� �1�R�W�H �W�K�D�W �W�K�L�V �S�D�U�W�L�F�X�O�D�U �U�D�Q�G�R�P �V�W�U�L�Q�J �O�L�H�V �R�Q �W�K�H �V�X�U�I�D�F�H �R�I �D �E�D�O�O�� �Z�K�R�V�H �U�D�G�L�X�V

�L�V�M�n�o�m�d�i�b=
L ! �?/ �æ

�i= �ù�M
�æ
�i ��

�:�K�D�W �V�K�R�X�O�G �E�H �D�Q �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q �R�I �W�K�L�V �V�W�U�L�Q�J �Z�L�W�K �K�H�W�H�U�R�J�H�Q�R�X�V �V�F�D�O�H�V!�M�" �$�Q�G�� �L�I �W�K�H�V�H

�V�W�U�L�Q�J�V �D�U�H �L�Q �U�D�Q�G�R�P �S�R�V�L�W�L�R�Q�V �D�Q�G �G�L�U�H�F�W�L�R�Q�V�� �Z�K�D�W �V�K�R�X�O�G �E�H �W�K�H�L�U �F�D�S�D�F�L�W�\�" �7�R �W�H�V�W �W�K�L�V�� �Z�H �F�D�O��

�F�X�O�D�W�H�G �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �F�D�S�D�F�L�W�\ �R�I �V�D�P�S�O�H�V �R�I �U�D�Q�G�R�P �V�W�U�L�Q�J�V �L�Q �H�P�E�H�G�G�L�Q�J �G�L�P�H�Q�V�L�R�Q�?�� �D�P�E�L�H�Q�W

�G�L�P�H�Q�V�L�R�Q�I = �ù�å�å�� �Z�K�H�U�H �W�K�H �Q�X�P�E�H�U �R�I �V�D�P�S�O�H�V �X�V�H�G �Z�D�V�h = �æ�å�å�� �V�X�F�K �W�K�D�W/ �h = �æ"
�h �� �D�Q�G

�M�i = �M�I�R�U �D�O�O�i ��

�:�H �¹�­�Q�G �W�K�D�W �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �F�D�S�D�F�L�W�\" �H = " �d�o�`�m�I�R�X�Q�G �E�\ �D�Q �L�W�H�U�D�W�L�Y�H �D�O�J�R�U�L�W�K�P �P�D�W�F�K�H�V �W�K�H

�V�L�P�X�O�D�W�L�R�Q �F�D�S�D�F�L�W�\ �R�I �U�D�Q�G�R�P �V�W�U�L�Q�J�V ���)�L�J�X�U�H���������D������ �,�Q �W�K�H �F�D�V�H �R�I �U�D�Q�G�R�P �V�W�U�L�Q�J�V�� �W�K�H �P�D�Q�L�I�R�O�G

�H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q�?�H ���D�O�V�R �I�R�X�Q�G �Y�L�D �W�K�H �L�W�H�U�D�W�L�Y�H �D�O�J�R�U�L�W�K�P�� �K�D�V �D �Y�H�U�\ �O�R�Z �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q �L�Q

�W�K�H �V�F�D�O�L�Q�J �U�H�J�L�P�H�� �G�X�H �W�R �W�K�H �I�D�F�W �W�K�D�W �L�W �L�V �D �V�W�U�L�Q�J �Z�K�R�V�H �L�Q�W�U�L�Q�V�L�F �G�L�P�H�Q�V�L�R�Q �L�V �P�H�U�H�O�\�ù�D�Q�G �L�V �Q�R�W

������



�
�b�]�†�u�; �“�:�–�9 ���@�;�1	ž�ˆ�; ���u�o�r�;�u	ž�;�v �!�-�m�7�o�l �"�|�u�b�m�]�v �=�o�u �	�b�@�;�u�;�m�| ���†�l�0�;�u �o�= �"�-�l�r�t�;�v ���;�u ���-�m�b�=�o�t�7�: �P�-�Q �!�-�m�7�o�l �"�|�u�b�m�]

�	�b�l�;�m�v�b�o�m �ˆ�;�u�v�†�v �|�_�; ���†�l�0�;�u �o�= �"�-�l�r�t�;�v ���;�u ���-�m�b�=�o�t�7 �P�h�Q�7 �=�o�u�I = �ù�å�å�7�? = �æ�å�7�M= �å.�æ�æ�è�P�ù/
(

�?)�Q�: ���o�|�_

�r�-�u	ž�1�b�r�-	ž�o�m �u�-	ž�o�7�?�n�q�_�P�u�;�7�Q �-�m�7 �|�_�; �;�@�;�1	ž�ˆ�; �l�-�m�b�=�o�t�7 �7�b�l�;�m�v�b�o�m �=�o�†�m�7 �0�‹ �|�_�; ���;�-�m �
�b�;�t�7 �b�|�;�u�-	ž�ˆ�; �-�t�]�o�u�b�|�_�l�7�?�H�7

�v�-�|�†�u�-�|�;�v �-�u�o�†�m�7�h = �é�å�7 �b�m�7�b�1�-	ž�m�] �|�_�-�|�h = �æ�å�å�†�v�;�7 �b�m �|�_�; �
�b�]�†�u�;�“�:�v�b�v �-�t�u�;�-�7�‹ �- �v�-�|�†�u�-�|�;�7�7�h �J�b�m�7�;�r�;�m�7�-�m�|

�r�u�o�r�;�u	ž�;�v�: �P�0�Q �!�-�m�7�o�l �"�|�u�b�m�] �!�-�7�b�†�v �ˆ�;�u�v�†�v �|�_�; ���†�l�0�;�u �o�= �"�-�l�r�t�;�v ���;�u ���-�m�b�=�o�t�7 �P�l�Q�: �$�_�; �;�@�;�1	ž�ˆ�; �l�-�m�b�=�o�t�7 �u�-�7�b�†�v

�P�M�H�Q �=�o�†�m�7 �0�‹ �|�_�; ���;�-�m �
�b�;�t�7 �b�|�;�u�-	ž�ˆ�; �-�t�]�o�u�b�|�_�l �v�-�|�†�u�-�|�;�v �-�u�o�†�m�7�h = �ù�å�å�:

�¹�­�O�O�L�Q�J �W�K�H �V�S�D�F�H �V�S�D�Q�Q�H�G �E�\�?�E�D�V�L�V �Y�H�F�W�R�U�V�� �D�O�W�K�R�X�J�K �Z�K�H�Q�M�L�V �O�D�U�J�H�� �W�K�H �V�R�O�X�W�L�R�Q �K�D�V �W�R �R�U�W�K�R�J�R�Q�D�O�L�]�H

�W�K�H �P�D�Q�L�I�R�O�G�V �D�Q�G �W�K�H �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q �D�S�S�U�R�D�F�K�H�V �W�K�H �H�P�E�H�G�G�L�Q�J �G�L�P�H�Q�V�L�R�Q�?�� �D�Q�G �L�W �L�V �U�H�º�¾�H�F�W�H�G

�L�Q �W�K�H�?�H �I�R�X�Q�G �Y�L�D �W�K�H �L�W�H�U�D�W�L�Y�H �D�O�J�R�U�L�W�K�P ���)�L�J�X�U�H���������E������ �1�R�W�H �W�K�D�W �L�Q �W�K�L�V �F�D�V�H�� �V�L�Q�F�H �D�O�O�M�d�K�D�V

�W�K�H �V�D�P�H �V�L�]�H���?�n�q�_= �? �� �)�X�U�W�K�H�U�P�R�U�H���M�H �L�V�M�L�Q �W�K�H �V�F�D�O�L�Q�J �U�H�J�L�P�H�� �D�Q�G�M�H�J�R�H�V �W�R �D �Y�D�O�X�H �P�X�F�K

�V�P�D�O�O�H�U �W�K�D�Q�M�L�Q �W�K�H �O�D�U�J�H�M�U�H�J�L�P�H�� �U�H�º�¾�H�F�W�L�Q�J �W�K�H �I�D�F�W �W�K�D�W �P�D�Q�\ �R�I �W�K�H �U�D�Q�G�R�P �V�W�U�L�Q�J�V �P�X�V�W �E�H

�R�U�W�K�R�J�R�Q�D�O�L�]�H�G �E�\ �W�K�H �V�R�O�X�W�L�R�Q�� �D�Q�G �W�K�H�U�H�I�R�U�H �P�R�U�H �R�I �W�K�H�P �D�U�H �H�P�E�H�G�G�H�G�� �U�H�V�X�O�W�L�Q�J �L�Q �V�P�D�O�O�H�U�M�H/ �M

�V�H�H�Q �E�\ �W�K�H �F�H�Q�W�H�U�V��

�,�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q�V �I�R�U �)�L�J�X�U�H�������� �Z�H �X�V�H�G�h = �æ�å�å�W�U�D�L�Q�L�Q�J �V�D�P�S�O�H�V �S�H�U �H�D�F�K �P�D�Q�L�I�R�O�G�� �,�Q �W�K�H

�D�E�R�Y�H �¹�­�J�X�U�H �Z�H �¹�­�Q�G �W�K�D�W �W�K�H �P�D�Q�L�I�R�O�G �G�L�P�H�Q�V�L�R�Q�V�?�H�D�Q�G �U�D�G�L�X�V�M�H �L�V �L�Q �W�K�H �V�D�W�X�U�D�W�H�G �U�H�J�L�P�H �D�V �D

�I�X�Q�F�W�L�R�Q �R�I�h�� �G�X�H �W�R �W�K�H �I�D�F�W �W�K�D�W �W�K�H �V�D�P�S�O�H�V �D�U�H �F�R�P�L�Q�J �I�U�R�P �D �V�W�U�L�Q�J�� �D�Q�G �W�K�H �V�D�P�S�O�L�Q�J �L�V �D�O�U�H�D�G�\

�G�H�Q�V�H �D�W�h = �æ�å�å. �7�K�L�V �L�V �H�V�V�H�Q�W�L�D�O�O�\ �O�L�N�H �G�R�L�Q�J �D �O�R�F�D�O �V�H�D�U�F�K �I�R�U �W�K�H �Z�R�U�V�W �S�R�L�Q�W�V ���D�O�W�K�R�X�J�K �Q�R�W

�H�[�S�O�L�F�L�W���� �E�H�F�D�X�V�H �Z�H �D�U�H �L�Q �W�K�H �G�H�Q�V�H�O�\ �V�D�P�S�O�H�G �U�H�J�L�P�H��

������



�“�:�u �	�b�v�1�†�v�v�b�o�m

�:�H �K�D�Y�H �S�U�H�V�H�Q�W�H�G �D �P�H�D�Q �¹�­�H�O�G �W�K�H�R�U�H�W�L�F �F�D�O�F�X�O�D�W�L�R�Q �R�I �O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �J�H�Q�H�U�D�O �P�D�Q�L�I�R�O�G�V�� �H�[��

�W�H�Q�G�L�Q�J �*�D�U�G�Q�H�U�#�V �U�H�S�O�L�F�D �W�K�H�R�U�\ �R�I �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �U�D�Q�G�R�P �L�V�R�O�D�W�H�G �S�R�L�Q�W�V���������D�Q�G �W�K�H �U�H�F�H�Q�W�O�\ �G�H�Y�H�O��

�R�S�H�G �W�K�H�R�U�\ �R�I �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �U�D�Q�G�R�P �E�D�O�O�V������ �7�K�L�V �W�K�H�R�U�\ �F�K�D�U�D�F�W�H�U�L�]�H �W�K�H �F�D�S�D�F�L�W�\ �D�V �W�K�H �L�Q�Y�H�U�V�H

�U�D�W�H �R�I �U�H�G�X�F�W�L�R�Q �L�Q �W�K�H �H�Q�W�U�R�S�\ �R�I �W�K�H �Z�H�L�J�K�W �Y�H�F�W�R�U �V�S�D�F�H �E�\ �W�K�H �V�H�S�D�U�D�E�L�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�V �S�H�U �P�D�Q�L��

�I�R�O�G�� �7�K�H�V�H �F�R�Q�V�W�U�D�L�Q�W�V �D�U�H �H�[�S�U�H�V�V�H�G �L�Q �W�H�U�P�V �R�I �V�S�H�F�L�D�O �S�R�L�Q�W�V �R�Q �W�K�H �P�D�Q�L�I�R�O�G�V �W�K�D�W �K�D�Y�H �P�L�Q�L�P�X�P

�S�U�R�M�H�F�W�L�R�Q�V �R�Q �V�H�O�I �F�R�Q�V�L�V�W�H�Q�W�?! �G�L�P�H�Q�V�L�R�Q�D�O �¹�­�H�O�G �Y�H�F�W�R�U�� �,�P�S�R�U�W�D�Q�W�O�\�� �Z�H �Z�H�U�H �D�E�O�H �W�R �G�H�U�L�Y�H �D �V�H�W

�R�I �X�Q�L�Y�H�U�V�D�O �P�H�D�Q �¹�­�H�O�G �H�T�X�D�W�L�R�Q�V �D�S�S�O�L�F�D�E�O�H �W�R �D�O�O �O�R�Z �G�L�P�H�Q�V�L�R�Q�D�O �F�R�Q�Y�H�[ �P�D�Q�L�I�R�O�G�V�������������������������� �7�K�H

�N�H�\ �S�R�L�Q�W �L�V �W�K�D�W �I�R�U �D �J�L�Y�H�Q �P�D�Q�L�I�R�O�G �J�H�R�P�H�W�U�\�� �W�K�H �S�R�V�L�W�L�R�Q �R�I �W�K�H �Z�R�U�V�W �S�R�L�Q�W �R�Q �W�K�H �P�D�Q�L�I�R�O�G �U�H�S��

�U�H�V�H�Q�W�H�G �E�\!�n= ÷�n(!�o! �u�å!�n) �F�K�D�Q�J�H�V �D�V �W�K�H �¹�­�H�O�G �R�Q �W�K�H �F�H�Q�W�H�U �U�H�S�U�H�V�H�Q�W�H�G �E�\�o�å�V�S�D�Q�Q�L�Q�J �W�K�H �V�H�T�X�H�Q�F�H

�R�I �L�Q�F�U�H�D�V�L�Q�J�O�\ �O�D�U�J�H �R�Y�H�U�O�D�S �E�H�W�Z�H�H�Q �W�K�H �P�D�Q�L�I�R�O�G �D�Q�G �W�K�H �W�K�H �P�D�U�J�L�Q �S�O�D�Q�H�� �7�K�L�V �V�H�T�X�H�Q�F�H �G�H�S�H�Q�G�V

�R�I �F�R�X�U�V�H �R�Q �W�K�H �G�H�W�D�L�O�V �R�I �W�K�H �J�H�R�P�H�W�U�\ �R�I �W�K�H �F�R�Q�Y�H�[ �P�D�Q�L�I�R�O�G�� �7�K�H�V�H �H�T�X�D�W�L�R�Q�V �F�D�Q�Q�R�W �E�H �V�R�O�Y�H�G

�D�Q�D�O�\�W�L�F�D�O�O�\ �H�[�F�H�S�W �I�R�U �W�K�H �V�L�P�S�O�H�V�W �J�H�R�P�H�W�U�L�H�V�� �:�H �K�D�Y�H �G�H�Y�H�O�R�S�H�G �D�Q �L�W�H�U�D�W�L�Y�H �D�O�J�R�U�L�W�K�P �W�R �V�R�O�Y�H �W�K�H�V�H

�V�H�O�I �F�R�Q�V�L�V�W�H�Q�W �H�T�X�D�W�L�R�Q�V�� �D�Q�G �L�Q �R�X�U �H�[�S�H�U�L�H�Q�F�H�� �W�K�H�L�U �F�R�Q�Y�H�U�J�H �L�V �U�H�P�D�U�N�D�E�O�\ �I�D�V�W �H�Y�H�Q �Z�K�H�Q �G�H�D�O�L�Q�J

�Z�L�W�K�? �G�L�P�H�Q�V�L�R�Q�D�O �P�D�Q�L�I�R�O�G�V �Z�L�W�K�? �L�Q �W�K�H �U�D�Q�J�H �R�I�ù�å! �ù�å�å��

�2�I �S�D�U�W�L�F�X�O�D�U �L�Q�W�H�U�H�V�W �L�V �W�K�H �F�D�V�H �R�I �P�D�Q�L�I�R�O�G�V �Z�L�W�K �K�L�J�K �G�L�P�H�Q�V�L�R�Q ���? ' �ù�� �,�Q �W�K�L�V �F�D�V�H�� �W�K�H �N�H�\

�S�D�U�D�P�H�W�H�U�V �D�U�H �0�D�Q�L�I�R�O�G �5�D�G�L�X�V���M�H �D�Q�G �'�L�P�H�Q�V�L�R�Q�D�O�L�W�\�?�H�� �7�K�H �P�D�Q�L�I�R�O�G �F�D�S�D�F�L�W�\ �L�V �H�T�X�L�Y�D�O�H�Q�W

�W�R �W�K�D�W �R�I�G�æ�E�D�O�O�V �Z�L�W�K �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\ �D�Q�G �U�D�G�L�X�V �H�T�X�D�O �W�R�?�H �D�Q�G�M�H �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H�V�H �T�X�D�Q�W�L�W�L�H�V

�D�S�S�H�D�U �L�Q �W�K�H �F�D�S�D�F�L�W�\ �P�D�L�Q�O�\ �W�K�U�R�X�J�K �W�K�H �H�[�F�H�V�V �P�D�U�J�L�Q#�H = �M�H
(

�?�H�� �7�K�H �U�H�D�V�R�Q �I�R�U �W�K�L�V �F�R�P��

�E�L�Q�D�W�L�R�Q �L�V �W�K�H �I�R�O�O�R�Z�L�Q�J�� �&�R�Q�V�L�G�H�U �¹�­�U�V�W�� �D�Q�I �G�L�P�H�Q�V�L�R�Q�D�O �E�D�O�O�� �7�K�H �P�D�U�J�L�Q �L�V �Q�R�W �G�L�P�H�Q�V�L�R�Q�O�H�V�V �E�X�W

�G�H�S�H�Q�G�V �R�Q �W�K�H �Q�R�U�P �R�I �W�K�H �L�Q�S�X�W�V�� �7�K�X�V�� �L�I �Z�H �G�H�P�D�Q�G �D �P�D�U�J�L�Q#�W�K�L�V �L�V �H�T�X�L�Y�D�O�H�Q�W �W�R �G�H�P�D�Q�G�L�Q�J �D

�P�D�U�J�L�Q# + �M
(

�I �I�U�R�P �W�K�H �F�H�Q�W�H�U�V�� �V�L�Q�F�H�� �L�I �W�K�H �G�L�V�W�D�Q�F�H �R�I �W�K�H �S�R�L�Q�W�V �R�Q �W�K�H �F�L�U�F�X�P�I�H�U�H�Q�F�H �R�I �W�K�H �E�D�O�O

�I�U�R�P �W�K�H �F�H�Q�W�H�U �L�V�M
(

�I �� �1�R�Z �Z�K�H�Q �W�K�H �E�D�O�O �L�V �O�R�Z �G�L�P�H�Q�V�L�R�Q�D�O�� �D �U�H�G�X�F�W�L�R�Q �L�Q �W�K�H �U�H�T�X�L�U�H�G �H�[�F�H�V�V

�P�D�U�J�L�Q �R�F�F�X�U�V �G�X�H �W�R �W�K�H �W�L�O�W �R�I �W�K�H �E�D�O�O �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �K�\�S�H�U�S�O�D�Q�H�� �V�R �W�K�D�W �W�K�H �S�U�R�M�H�F�W�L�R�Q �R�I �W�K�H

�F�H�Q�W�H�U �V�K�R�X�O�G �L�Q�F�U�H�D�V�H �R�Q�O�\ �E�\ �D �I�D�F�W�R�U�I
/

�?/ �I = �M
(

�?�� �$ �V�L�P�L�O�D�U �D�U�J�X�P�H�Q�W �K�R�O�G�V �I�R�U �D �J�H�Q�H�U�D�O

�P�D�Q�L�I�R�O�G �L�Q �W�K�L�V �O�L�P�L�W��
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�Z�L�W�K �T�X�D�G�U�D�W�L�F �N�H�U�Q�H�O�V�� �:�H �H�[�W�H�Q�G �R�X�U �W�K�H�R�U�\ �W�R �S�U�R�Y�L�G�H �X�S�S�H�U �D�Q�G �O�R�Z�H�U �E�R�X�Q�G�V �I�R�U �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q

�F�D�S�D�F�L�W�\ �R�I �P�D�Q�L�I�R�O�G�V �Z�L�W�K �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\�? �L�Q �L�Q�S�X�W �V�S�D�F�H �D�I�¿�H�U �W�K�H�L�U �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �W�R �D �T�X�D�G�U�D�W�L�F

�I�H�D�W�X�U�H �V�S�D�F�H��
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�&�R�Q�V�L�G�H�U �D�U�E�L�W�U�D�U�\ �P�D�Q�L�I�R�O�G�V �H�P�E�H�G�G�H�G �L�Q�?���G�L�P�H�Q�V�L�R�Q�� �Z�K�H�U�H �H�D�F�K �S�R�L�Q�W �L�Q �W�K�H �P�D�Q�L�I�R�O�G �F�D�Q �E�H

�H�[�S�U�H�V�V�H�G �D�V�[ = �[�å +
! �?

�d= �ù�n�d�X
�d�� �Z�K�H�U�H�[�å �L�V �D�I ���G�L�P�H�Q�V�L�R�Q�D�O �F�H�Q�W�H�U �Y�H�F�W�R�U �D�Q�G�X�d���d= �ù, ..., �?��

�D�U�H �W�K�H �E�D�V�L�V �Y�H�F�W�R�U�V�� �D�Q�G �S�D�U�D�P�H�W�U�L�]�H�G �E�\!�n�� �Z�K�H�U�H�n�d�F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H�d�W�K �E�D�V�L�V �Y�H�F�W�R�U�� �7�K�H �I�H�D�W�X�U�H

�V�S�D�F�H �R�I �D �K�R�P�R�J�H�Q�R�X�V �T�X�D�G�U�D�W�L�F �N�H�U�Q�H�O �L�V{ �s�d�s�e, �d% �e} �Z�K�L�F�K �K�D�V�I �a= ( �I + �ù)�I / �æ�X�Q�L�T�X�H �F�R�P��

�S�R�Q�H�Q�W�V�� �7�K�H �I�H�D�W�X�U�H �V�S�D�F�H��
-

�[�å+
! �?

�f= �ù�n�f�X
�f
.

�d

-
�[�å+

! �?
�g= �ù�n�g�X

�g
.

�e
�� �F�D�Q �E�H �H�[�S�D�Q�G�H�G �D�V�s�å�d�s�å�e+

!
�f �n�f

-
�p�f�d�s�å�e+ �s�å�d�p�f�e

.
+

! �?
�f= �ù

! �?
�g= �ù�n�f�n�g�p

�f
�d�p

�g
�e�� �7�K�L�V �L�V�I �a���G�L�P�H�Q�V�L�R�Q�D�O �Y�H�F�W�R�U �Z�L�W�K �D �F�H�Q�W�H�U�s�å�d�s�å�e

�D�Q�G(�? + �ç)�?/ �æ�E�D�V�L�V �Y�H�F�W�R�U�V�� �7�K�H �E�D�V�L�V �Y�H�F�W�R�U�V �F�R�Q�V�L�V�W �R�I �W�K�H �W�Z�R �F�O�D�V�V�H�V���p�f�p�g�Z�K�H�U�H �W�K�H�U�H �D�U�H

(�? + �ù)�?/ �æ�R�I �W�K�H�P�� �D�Q�G
-

�p�f�d�s�å�e+ �s�å�d�p�f�e
.

�Z�K�H�U�H �W�K�H�U�H �D�U�H�? �R�I �W�K�H�P�� �7�K�H�U�H�I�R�U�H�� �I�R�U �L�Q�S�X�W �V�S�D�F�H

�G�L�P�H�Q�V�L�R�Q�I �� �W�K�H �D�P�E�L�H�Q�W �G�L�P�H�Q�V�L�R�Q �L�Q �W�K�L�V �I�H�D�W�X�U�H �V�S�D�F�H �L�V�I �a= ( �I + �ù)�I / �æ�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G��

�W�K�H �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\ �R�I �W�K�H �P�D�Q�L�I�R�O�G�V �L�Q �I�H�D�W�X�U�H �V�S�D�F�H �L�V�?(�? + �ç)/ �æ��

�,�Q �R�U�G�H�U �W�R �L�O�O�X�V�W�U�D�W�H �W�K�H �H�¸�I�H�F�W �R�I �N�H�U�Q�H�O�V �R�Q �W�K�H �O�H�D�U�Q�L�Q�J �R�I �F�O�D�V�V�L�¹�­�H�U �R�I �W�K�H �P�D�Q�L�I�R�O�G�V�� �Z�H �S�U�H�V�H�Q�W ��

�V�L�P�S�O�H �H�[�D�P�S�O�H�V�� �×�X�D�G�U�D�W�L�F �N�H�U�Q�H�O�V �D�S�S�O�L�H�G �W�R�ù�? �O�L�Q�H�V �D�Q�G�æ�? �F�L�U�F�O�H�V�� �7�K�H �J�H�R�P�H�W�U�L�F �L�O�O�X�V�W�U�D�W�L�R�Q �R�I

�K�R�Z�ù�? �O�L�Q�H�V �D�Q�G�æ�? �F�L�U�F�O�H�V �Z�L�W�K �U�D�G�L�X�V�M�P�D�S �I�U�R�P �L�Q�S�X�W �V�S�D�F�H �W�R �T�X�D�G�U�D�W�L�F �N�H�U�Q�H�O�#�V �I�H�D�W�X�U�H �V�S�D�F�H �L�V

�S�U�R�Y�L�G�H�G �L�Q �)�L�J�����������D�������F���� �)�R�U�M= �å�� �W�K�H ���]�H�U�R �P�D�U�J�L�Q�� �F�D�S�D�F�L�W�\�K�L�Q�F�U�H�D�V�H�V �I�U�R�P�æ�I �W�R(�I + �ù)�I ��

�D�V �J�L�Y�H�Q �E�\ �W�K�H �F�D�S�D�F�L�W�\ �I�R�U �F�O�D�V�V�L�I�\�L�Q�J �S�R�L�Q�W�V�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �I�R�U�M= $ �� �W�K�H �Z�H�L�J�K�W �Y�H�F�W�R�U �K�D�V

�W�R �E�H �R�U�W�K�R�J�R�Q�D�O �W�R �D�O�O �W�K�H �G�L�P�H�Q�V�L�R�Q�V �V�S�D�Q�Q�H�G �E�\ �W�K�H �U�H�I�R�U�P�D�W�W�H�G �P�D�Q�L�I�R�O�G�V�� �\�L�H�O�G�L�Q�J �W�K�H �F�D�S�D�F�L�W�\

�K = �I (�I + �ù)
(�ù+ �?(�?+ �ç)) �L�Q �W�K�L�V �O�L�P�L�W�� �)�R�U �D�Q �L�Q�W�H�U�P�H�G�L�D�W�H�M�� �W�K�H �F�D�S�D�F�L�W�\ �Z�L�O�O �E�H �D�¸�I�H�F�W�H�G �E�\ �W�K�H �H�[�W�H�Q�W

�D�Q�G �J�H�R�P�H�W�U�\ �R�I �W�K�H �P�D�Q�L�I�R�O�G�V �L�Q �I�H�D�W�X�U�H �V�S�D�F�H�� �7�K�H �S�U�H�G�L�F�W�H�G �E�R�X�Q�G�V �D�U�H �F�R�P�S�D�U�H�G �Z�L�W�K �Q�X�P�H�U�L�F�D�O

�V�L�P�X�O�D�W�L�R�Q�V �L�Q �)�L�J���������� �7�K�H�V�H �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V �F�D�Q �E�H �H�D�V�L�O�\ �J�H�Q�H�U�D�O�L�]�H�G �W�R �S�R�O�\�Q�R�P�L�D�O �N�H�U�Q�H�O�V �Z�L�W�K

�K�L�J�K�H�U �G�H�J�U�H�H��

�”�:�”�:�‘ ���;�u�m�;�t�J�H�è���t�]�o�u�b�|�_�l

���;�m�;�u�-�t �
�u�-�l�;�‰�o�u�h�7�K�H �.�H�U�Q�H�O���H�è �D�O�J�R�U�L�W�K�P �D�S�S�O�L�H�V �W�K�H �V�D�P�H �O�R�J�L�F �D�V �W�K�H�H�è �D�O�J�R�U�L�W�K�P �L�Q �W�K�H

�F�K�D�S�W�H�U���� �E�X�W �L�Q �W�K�H �G�X�D�O �6�9�0 �I�U�D�P�H�Z�R�U�N�� �7�K�H �V�H�S�D�U�D�W�L�Q�J �K�\�S�H�U�S�O�D�Q�H �L�V �U�H�S�U�H�V�H�Q�W�H�G �L�P�S�O�L�F�L�W�O�\ �E�\

�G�X�D�O �F�R�H�¸�¹�­�F�L�H�Q�W�V!" �D�Q�G �S�R�L�Q�W �H�[�D�P�S�O�H�V(�[�g, �t�g) �D�Q�G �D �E�L�D�V�]�� �D�Q�G �W�K�H �¹�­�H�O�G �L�Q�G�X�F�H�G �E�\ �D�Q �L�Q�S�X�W�[ �L�V

�J�L�Y�H�Q �D�V
!

�g" �g�t�g�F(�[, �[�g) + �]�� �7�K�H �.�H�U�Q�H�O���H�è �D�O�J�R�U�L�W�K�P �L�W�H�U�D�W�L�Y�H�O�\ �F�D�O�O�V �D �T�X�D�G�U�D�W�L�F �R�S�W�L�P�L�]�D�W�L�R�Q

�V�R�O�Y�H�U �R�Q �D �¹�­�Q�L�W�H �Q�X�P�E�H�U �R�I �O�D�E�H�O�H�G �H�[�D�P�S�O�H�V �L�Q �W�K�H �G�X�D�O �I�U�D�P�H�Z�R�U�N�� �*�L�Y�H�Q �D �F�X�U�U�H�Q�W �H�V�W�L�P�D�W�H �R�I!"
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�|�_�; �t�†�-�7�u�-	ž�1 �h�;�u�m�;�t �o�r�;�u�-	ž�o�m�:

�D�Q�G�] �� �W�K�H �D�O�J�R�U�L�W�K�P �V�H�D�U�F�K�H�V �I�R�U �W�K�H �S�R�L�Q�W �R�Q �W�K�H �P�D�Q�L�I�R�O�G�V �Z�L�W�K �W�K�H �Z�R�U�V�W �P�D�U�J�L�Q�� �,�I �W�K�H �P�D�U�J�L�Q �R�I

�W�K�H �Q�H�Z �S�R�L�Q�W �L�V �Z�R�U�V�H �W�K�D�Q �W�K�H �S�U�H�Y�L�R�X�V �H�V�W�L�P�D�W�H�� �W�K�H �S�R�L�Q�W �V�H�W �L�V �D�X�J�P�H�Q�W�H�G�� �L���H�� �W�K�H �N�H�U�Q�H�O �P�D�W�U�L�[ �L�V

�L�Q�F�U�H�D�V�H�G �E�\ �R�Q�H �F�R�O�X�P�Q �D�Q�G �U�R�Z�� �D�Q�G �W�K�H �G�X�D�O �6�9�0 �V�R�O�Y�H�U �L�V �U�X�Q �W�R �X�S�G�D�W�H �Y�D�O�X�H�V �I�R�U!" �D�Q�G�]�� �7�K�H

�S�V�H�X�G�R�F�R�G�H �I�R�U �N�H�U�Q�H�O���H�è�L�V �J�L�Y�H�Q �E�\ �$�O�J������

�,�Q �J�H�Q�H�U�D�O�� �¹�­�Q�G�L�Q�J �W�K�H �S�R�L�Q�W �Z�L�W�K �W�K�H �Z�R�U�V�W �P�D�U�J�L�Q �L�Q �W�K�H �N�H�U�Q�H�O �I�H�D�W�X�U�H �V�S�D�F�H �P�D�\ �E�H �K�D�U�G �D�V �W�K�H

�F�R�Q�Y�H�[�L�W�\ �R�I �W�K�H �L�Q�S�X�W �P�D�Q�L�I�R�O�G�V �P�D�\ �E�H �O�R�V�W �E�\ �W�K�H �Q�R�Q�O�L�Q�H�D�U �N�H�U�Q�H�O �R�S�H�U�D�W�L�R�Q�� �,�I �W�K�H �P�D�Q�L�I�R�O�G�V �D�U�H

�J�L�Y�H�Q �E�\ �¹�­�Q�L�W�H �V�H�W�V �R�I �S�R�L�Q�W�V�� �W�K�H�Q�� �W�K�H �V�H�D�U�F�K �R�Y�H�U �D�O�O �S�R�L�Q�W�V �W�R �¹�­�Q�G �W�K�H �Z�R�U�V�W �S�R�L�Q�W �F�D�Q �E�H �S�H�U�I�R�U�P�H�G��

�Z�K�H�U�H �H�D�F�K �V�H�D�U�F�K �L�V �X�S�S�H�U �E�R�X�Q�G�H�G �E�\ �W�K�H �Q�X�P�E�H�U �R�I �H�[�D�P�S�O�H�V�� �,�I �W�K�H �L�Q�S�X�W �P�D�Q�L�I�R�O�G�V �D�U�H �X�Q�F�R�X�Q�W��

�D�E�O�H �V�H�W�V �R�I �S�R�L�Q�W�V�� �Z�K�H�U�H �W�K�H �F�R�P�S�O�H�W�H �S�D�U�D�P�H�W�H�U�L�]�D�W�L�R�Q �I�R�U �W�K�H �V�K�D�S�H�a(!�n) = �å�L�V �J�L�Y�H�Q�� �W�K�H�Q �W�K�H

�V�H�D�U�F�K �I�R�U �W�K�H �Z�R�U�V�W �S�R�L�Q�W �L�V �O�L�P�L�W�H�G �W�R �¹�­�Q�G�L�Q�J �W�K�H �Z�R�U�V�W!�n+�� �D�Q�G �V�R�P�H�W�L�P�H�V!�n+ �P�D�\ �E�H �I�R�X�Q�G �D�Q�D�O�\�W�L��

�F�D�O�O�\�� �,�I �W�K�H �S�D�U�D�P�H�W�H�U�L�]�D�W�L�R�Q �L�V �Q�R�W �D�Y�D�L�O�D�E�O�H�� �W�K�H�Q �R�Q�H �P�D�\ �Q�H�H�G �W�R �¹�­�Q�G �W�K�H �Z�R�U�V�W �S�R�L�Q�W �Z�L�W�K �D �O�R�F�D�O

�V�H�D�U�F�K �X�V�L�Q�J �D �J�U�D�G�L�H�Q�W�� �E�X�W �L�I �W�K�H�U�H �L�V �Q�R �H�V�W�L�P�D�W�H �R�I �W�K�H �F�R�Q�Y�H�[ �K�X�O�O�� �W�K�L�V �R�S�H�U�D�W�L�R�Q �L�V �Q�R�W �Q�H�F�H�V�V�D�U�L�O�\

�D �F�R�Q�Y�H�[ �S�U�R�E�O�H�P�� �Z�K�L�F�K �P�D�\ �E�H �L�Q�Y�H�V�W�L�J�D�W�H�G �I�X�U�W�K�H�U �L�Q �W�K�H �I�X�W�X�U�H��

�:�L�W�K �F�H�U�W�D�L�Q �P�D�Q�L�I�R�O�G�V �D�Q�G �N�H�U�Q�H�O �I�X�Q�F�W�L�R�Q�V�� �W�K�H �Z�R�U�V�W �S�R�L�Q�W �R�S�H�U�D�W�L�R�Q �F�D�Q �V�W�L�O�O �E�H �G�R�Q�H �H�¸�¹�­�F�L�H�Q�W�O�\��

�$�V �D�Q �L�O�O�X�V�W�U�D�W�L�Y�H �H�[�D�P�S�O�H�� �Z�H �G�H�P�R�Q�V�W�U�D�W�H �D�Q �H�[�D�P�S�O�H �R�I �W�K�H �P�D�[�L�P�X�P �P�D�U�J�L�Q �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �O�L�Q�H

������



�$�O�J�R�U�L�W�K�P �� �3�V�H�X�G�R�F�R�G�H �I�R�U �N�H�U�Q�H�O���H�è

�>"%���]�@ � �I�X�Q�F�W�L�R�Q �N�H�U�Q�H�O���0�����F ���N��' ��
�,�Q�S�X�W�� �N�H�U�Q�H�O �W�\�S�H�F�� �G�D�W�D �P�D�Q�L�I�R�O�G �S�D�U�D�P�H�W�H�U�V�N�� �W�R�O�H�U�D�Q�F�H'
�,�Q�L�W�L�D�O�L�]�H��"%���]��#
�o= �å
�Z�K�L�O�H# > ' �G�R

�����o= �o+ �ù
����%�o= max$ �g$ �å

! �H
�g= �ù%�g! �ù

�æ

! �H
�e= �ù

! �H
�f= �ù%�e%�f�t�e�t�f�F(�[�e, �[�f) �I�R�U1) < �o�D�Q�G �D�Q�G%�o�O�t =

�å��
���� �&�R�P�S�X�W�H�] �D�Q�G�c�o�h�d�i��

���� �6�H�D�U�F�K �I�R�U �W�K�H �Q�H�Z �S�D�W�W�H�U�Q �V�X�F�K �W�K�D�W
(�c�o�h�d�i)�i�`�r

||�r|| =
{ �P�L�Q#�n,µ �tµ (

!
�g%�g�t�g�F(�[�g, �[µ("�n)) + �])} ��

����# = &(�c�o�h�d�i)�i�`�r ! �c�o�h�d�i&
�H�Q�G
�2�X�W�S�X�W��%���]

�V�H�J�P�H�Q�W�V �D�Q�G�æ�? �F�L�U�F�O�H�V �X�Q�G�H�U �D �K�R�P�R�J�H�Q�R�X�V �T�X�D�G�U�D�W�L�F �N�H�U�Q�H�O���F(�[�e, �[�f) =
-

�[�O�e�[�f
. �æ

�� �)�R�U �W�K�H�V�H

�H�[�D�P�S�O�H�V�� �Z�H �F�D�Q �U�H�G�X�F�H �W�K�H �Z�R�U�V�W �S�R�L�Q�W �R�S�H�U�D�W�L�R�Q �W�R �D �¹�­�Q�L�W�H �V�H�W �R�I �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�V�� �Z�K�L�F�K �L�V �D�V

�H�¸�¹�­�F�L�H�Q�W �D�V �U�H�J�X�O�D�U�H�è�R�S�H�U�D�W�L�R�Q�� �7�K�L�V �F�R�P�S�X�W�D�W�L�R�Q �F�D�Q �D�O�V�R �E�H �J�H�Q�H�U�D�O�L�]�H�G �W�R�?���G�L�P�H�Q�V�L�R�Q�D�O �E�D�O�O�V��

�?�J�7�b�l�;�m�v�b�o�m�-�t ���-�t�t�v �-�m�7 � �†�-�7�u�-	ž�1 ���;�u�m�;�t�H�è

�+�H�U�H �Z�H �V�K�R�Z �D�Q �H�[�D�P�S�O�H �R�I �T�X�D�G�U�D�W�L�F �N�H�U�Q�H�O���H�è�Z�L�W�K�?���G�L�P�H�Q�V�L�R�Q�D�O �E�D�O�O�V �Z�L�W�K �U�D�G�L�X�V�M�� �,�Q �W�K�L�V

�F�D�V�H�� �¹�­�Q�G�L�Q�J �W�K�H �V�P�D�O�O�H�V�W �G�L�V�W�D�Q�F�H �W�R �W�K�H �V�R�O�X�W�L�R�Q �S�O�D�Q�H �I�U�R�P �H�D�F�K �S�R�L�Q�W �R�Q �W�K�H �P�D�Q�L�I�R�O�G �L�Q �W�K�H �N�H�U�Q�H�O

�V�S�D�F�H �L�V��

�D�U�J�P�L�Q
!�n,�aµ (#�n)= �å

�c+(!�n) = �D�U�J�P�L�Q
!�n,�aµ (#�n)= �å

�tµ

"

#
�H*

�e= �ù

" �e�t�e�F(�[�e, �[(!�n)) + �]

$

% ������������

�Z�K�H�U�H�[ = �[µ�å +
! �?

�d= �ù�n�d�X
µ
�d�� �D�Q�G�aµ(!�n) = �å�L�V �W�K�H �V�K�D�S�H �F�R�Q�V�W�U�D�L�Q�W �R�I �W�K�Hµ�W�K �E�D�O�O��

������



�1�R�Z�� �W�K�H �F�O�R�V�H�W �S�R�L�Q�W �L�Q �W�K�H�?���G�L�P�H�Q�V�L�R�Q�D�O �E�D�O�O �P�D�Q�L�I�R�O�Gµ �F�D�Q �E�H �I�R�X�Q�G �E�\ �F�R�Q�V�L�G�H�U�L�Q�J

!�n+ = �D�U�J�P�L�Q#�n

Q

R�tµ

"

#
+*

�g= �ù

" �g�t�g�F

"

# �[�O, �[µ�å + �M
�?*

�e= �ù

�n�e�X
µ
�e

$

% + �]

$

% + *

S
T

U

�?*

�e= �ù

�n�æ�e! �ù

V
W

X

Y

Z ������������

�7�K�L�V �L�V �L�Q �J�H�Q�H�U�D�O �K�D�U�G�� �E�X�W �D�Q�D�O�\�W�L�F�D�O�O�\ �V�R�O�Y�D�E�O�H �I�R�U �T�X�D�G�U�D�W�L�F �N�H�U�Q�H�O �D�Q�G �D �E�D�O�O�� �)�R�U �D �K�R�P�R�J�H�Q�R�X�V

�T�X�D�G�U�D�W�L�F �N�H�U�Q�H�O�F(�[�i , �[�h) =
4
�[�O�i �[�h

5�æ�� �Z�H �V�R�O�Y�H �I�R�U!�n+ �E�\ �W�D�N�L�Q�J �D �G�H�U�L�Y�D�W�L�Y�H �R�I�c(!�n)��

�7�K�H �Z�R�U�V�W �S�R�L�Q�W!�n+ �R�Q �W�K�Hµ�W�K�?���G�L�P�H�Q�V�L�R�Q�D�O �E�D�O�O�V �D�U�H �I�R�X�Q�G �W�R �E�H

*
:

�nµ�e
; +

= �<µ
�e +

�?*

�e$= �ù

�=µ
�e�e$�n

µ�f
�e$

�Z�K�H�U�H

�<µ
�e = �tµ

+*

�g= �ù

" �g�t�g
=2

�[�O�g�[
µ
�å

3 -
�[�O�g�X

µ
�e

.>

�=µ
�e�e$ = �M�tµ

B
+*

�g= �ù

" �g�t�g
-

�[�O�g�X
µ
�e

. -
�[�O�g�X

µ
�e$

.
C

�Z�L�W�K �Q�R�U�P�D�O�L�]�D�W�L�R�Q �R�Q&!�n+&= �ù�� �D�Q�G�e, �e) = { �ù, ..., �?} �� �D�Q�G!" ��!�t �D�U�H �J�L�Y�H�Q���g= �ù, ..., 2 �L�V �D�Q �L�Q�G�H�[

�R�I �D�O�O �W�K�H �W�U�D�L�Q�L�Q�J �S�R�L�Q�W�V �D�G�G�H�G �V�R �I�D�U��

�$�Q�G �I�R�U �O�L�Q�H �V�H�J�P�H�Q�W�V�� �W�K�H �Z�R�U�V�W �S�R�L�Q�W�n+ �R�Q �W�K�Hµ �W�K �O�L�Q�H �L�V

�\µ + �]µ (�nµ)+ = * (�nµ)+

�Z�K�H�U�H

�\ = �tµ
+*

�g= �ù

" �g�t�g
72

�[�O�g�[
µ
�å

3 4
�[�O�g�X

µ58

������



�] = �M�tµ

B
+*

�g= �ù

" �g�t�g
4
�[�O�g�X

µ5 4
�[�O�g�X

µ5
C

�Z�L�W�K �Q�R�U�P�D�O�L�]�D�W�L�R�Q �R�Q&!�n+&= �ù��

�,�Q �J�H�Q�H�U�D�O�� �W�K�H �V�R�O�X�W�L�R�Q �I�R�U!�n+ �K�D�V �W�Z�R �F�O�D�V�V�H�V�� �2�Q�H �L�V �Z�K�H�U�H �W�K�H �F�O�R�V�H�V�W �S�R�L�Q�W�W�R �W�K�H �K�\�S�H�U�S�O�D�Q�H �L�Q �W�K�H

�N�H�U�Q�H�O �V�S�D�F�H �F�R�P�H�V �I�U�R�P �W�K�H �L�Q�W�H�U�L�R�U �D�U�H�D �R�I �W�K�H �F�R�Q�Y�H�[ �K�X�O�O�V �R�I �W�K�H �P�D�Q�L�I�R�O�G �L�Q �W�K�H �L�Q�S�X�W �V�S�D�F�H ��* = �å

���� �D�Q�G �W�K�H �R�W�K�H�U �L�V �Z�K�H�Q!�n+ �F�R�P�H�V �I�U�R�P �W�K�H �F�R�Q�Y�H�[ �K�X�O�O �L�Q �W�K�H �L�Q�S�X�W �V�S�D�F�H ���Q�R�Q�]�H�U�R* ���� �*�H�Q�H�U�D�O�O�\�� �R�Q�H

�F�D�Q �V�R�O�Y�H �I�R�U �E�R�W�K �F�D�V�H�V�� �D�Q�G �F�K�H�F�N �Z�K�L�F�K!�n+ �J�L�Y�H�V �D �V�P�D�O�O�H�U �¹�­�H�O�G�� �E�\ �F�R�P�S�X�W�L�Q�J �(�T�Q�����������I�R�U �H�D�F�Kµ

�D�Q�G �G�R �W�K�L�V �R�Y�H�U �D�O�O �P�D�Q�L�I�R�O�G�V�� �D�Q�G �Z�L�W�K�K�F�D�Q�G�L�G�D�W�H �S�R�L�Q�W�V�� �¹�­�Q�G �W�K�H �V�P�D�O�O�H�V�W �R�Q�H �D�J�D�L�Q�� �7�K�L�V �L�V �W�K�H

�V�W�H�S �� �R�I �$�O�J������ �I�R�U�?���G�L�P�H�Q�V�L�R�Q�D�O �E�D�O�O�V��

�”�:�”�:�’ �	�b�v�1�†�v�v�b�o�m

�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �V�K�R�Z�H�G �K�R�Z �W�K�H �U�R�O�H �R�I �Q�R�Q�O�L�Q�H�D�U �N�H�U�Q�H�O �R�Q �G�D�W�D �P�D�Q�L�I�R�O�G�V �Z�L�W�K �V�P�D�O�O �P�D�Q�L�I�R�O�G

�F�D�S�D�F�L�W�\ ���L�Q �R�W�K�H�U �Z�R�U�G�V�� �O�L�Q�H�D�U�O�\ �Q�R�Q���V�H�S�D�U�D�E�O�H �P�D�Q�L�I�R�O�G�V�� �L�Q �W�K�H �L�Q�S�X�W �O�D�\�H�U �F�D�Q �E�H �Y�L�H�Z�H�G �D�V �U�H�I�R�U��

�P�D�W�W�L�Q�J �W�K�H�P �W�R �L�Q�F�U�H�D�V�H �W�K�H �P�D�Q�L�I�R�O�G�V �F�D�S�D�F�L�W�\ �L�Q �W�K�H �Q�R�Q�O�L�Q�H�D�U �I�H�D�W�X�U�H �V�S�D�F�H�� �X�V�L�Q�J �T�X�D�G�U�D�W�L�F �N�H�U�Q�H�O�V

�D�Q�G �V�L�P�S�O�H�ù�? �D�Q�G�æ�?�E�D�O�O�V �L�Q �W�K�H �L�Q�S�X�W �V�S�D�F�H �D�V �H�[�D�P�S�O�H�V�� �:�K�L�F�K �N�H�U�Q�H�O�V �D�U�H �E�H�V�W �V�X�L�W�H�G �I�R�U �W�K�H �F�O�D�V�V�L��

�¹�­�F�D�W�L�R�Q �S�U�R�E�O�H�P �G�H�S�H�Q�G�V �R�Q �W�K�H �W�\�S�H�V �R�I �W�K�H �G�D�W�D�� �Z�K�L�F�K�� �L�Q �R�X�U �F�D�V�H�� �D�U�H �P�D�Q�L�I�R�O�G �V�W�U�X�F�W�X�U�H�V�� �:�H �O�D�L�G

�W�K�H �J�U�R�X�Q�G �K�H�U�H �I�R�U �I�X�W�X�U�H �D�Q�D�O�\�V�L�V �Z�L�W�K �P�D�Q�L�I�R�O�G�V �F�D�S�D�F�L�W�\ �L�Q �N�H�U�Q�H�O �I�H�D�W�X�U�H �V�S�D�F�H�� �E�\ �I�R�U�P�X�O�D�W�L�Q�J �W�K�H

�L�W�H�U�D�W�L�Y�H �D�O�J�R�U�L�W�K�P �I�R�U �¹�­�Q�G�L�Q�J �W�K�H �P�D�[ �P�D�U�J�L�Q �V�R�O�X�W�L�R�Q �I�R�U �P�D�Q�L�I�R�O�G�V �Z�L�W�K �N�H�U�Q�H�O�V �D�Q�G �G�H�P�R�Q�V�W�U�D�W�L�Q�J

�W�K�H �V�L�P�S�O�H �H�[�D�P�S�O�H�V �R�I�ù�?�D�Q�G�æ�?�E�D�O�O�V�� �D�V �Z�H�O�O �D�V �S�U�R�Y�L�G�L�Q�J �E�R�X�Q�G�V �R�Q �W�K�H�L�U �P�D�Q�L�I�R�O�G �F�D�S�D�F�L�W�L�H�V �L�Q �L�Q��

�S�X�W �D�Q�G �I�H�D�W�X�U�H �V�S�D�F�H�� �(�Q�D�E�O�H�G �Z�L�W�K �R�X�U �W�K�H�R�U�\ �R�I �F�D�S�D�F�L�W�\ �R�I �J�H�Q�H�U�D�O �P�D�Q�L�I�R�O�G�V ���&�K�D�S�W�H�U������ �Z�H �K�R�S�H

�W�R �H�[�W�H�Q�G �R�X�U �P�D�Q�L�I�R�O�G �F�D�S�D�F�L�W�\ �D�Q�D�O�\�V�L�V �I�R�U �P�R�U�H �F�R�P�S�O�H�[ �P�D�Q�L�I�R�O�G�V �W�R �V�W�X�G�\ �W�K�H �U�R�O�H �R�I �Q�R�Q�O�L�Q�H�D�U

�N�H�U�Q�H�O�V��

������



�”�:�u ���;�m�;�u�-�t�b�Œ�-	ž�o�m ���u�u�o�u

�6�R �I�D�U�� �Z�H �K�D�Y�H �F�R�Q�V�L�G�H�U�H�G �G�L�¸�I�H�U�H�Q�W �D�V�S�H�F�W�V �D�Q�G �H�[�W�H�Q�V�L�R�Q�V �R�I �P�D�Q�L�I�R�O�G �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �F�D�S�D�F�L�W�\�� �P�D�L�Q�O�\

�P�R�W�L�Y�D�W�H�G �E�\ �D �O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�H�U �W�K�D�W �D�F�K�L�H�Y�H�V �]�H�U�R �W�U�D�L�Q�L�Q�J �H�U�U�R�U�� �+�R�Z�H�Y�H�U�� �D�Q�R�W�K�H�U �L�P�S�R�U�W�D�Q�W �D�V�S�H�F�W �R�I

�W�K�H �O�L�Q�H�D�U �V�H�S�D�U�D�E�L�O�L�W�\ �R�I �G�D�W�D �P�D�Q�L�I�R�O�G�V �L�V �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �R�I �D �O�L�Q�H�D�U �F�O�D�V�V�L�¹�­�H�U�� �7�K�L�V �L�V �S�D�U�W�L�F�X��

�O�D�U�O�\ �U�H�O�H�Y�D�Q�W �L�Q �P�R�U�H �U�H�D�O�L�V�W�L�F �V�H�W�W�L�Q�J�V�� �Z�K�H�U�H �W�K�H �P�D�Q�L�I�R�O�G�V �J�L�Y�H�Q �I�R�U �W�U�D�L�Q�L�Q�J �D�U�H �Q�R�W �I�X�O�O �P�D�Q�L�I�R�O�G�V��

�E�X�W �R�Q�O�\ �D �V�X�E�V�H�W �R�I �W�K�H �P�D�Q�L�I�R�O�G�V�� �$�Q �H�[�D�P�S�O�H �R�I �W�K�L�V �Z�R�X�O�G �E�H �Z�K�H�Q �W�K�H �W�U�D�L�Q�L�Q�J �G�D�W�D �D�U�H �F�R�Q�Y�H�[

�K�X�O�O�V �R�I �V�X�E�V�D�P�S�O�H�V �R�I �X�Q�G�H�U�O�\�L�Q�J �P�D�Q�L�I�R�O�G�V�� �$�Q�R�W�K�H�U �U�H�O�H�Y�D�Q�W �F�D�V�H �L�V �Z�K�H�Q �W�K�H�U�H �L�V �Q�R�L�V�H �L�Q �W�K�H �L�Q�S�X�W��

�%�\ �I�R�F�X�V�L�Q�J �R�Q �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �¹�­�H�O�G�V �D�U�L�V�L�Q�J �I�U�R�P �P�D�Q�L�I�R�O�G �V�W�U�X�F�W�X�U�H�V�� �K�H�U�H �Z�H �V�K�R�Z �K�R�Z �W�K�H �R�X�U

�W�K�H�R�U�\ �D�O�O�R�Z�V �I�R�U �W�K�H �H�V�W�L�P�D�W�L�R�Q �R�I �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �I�R�U �W�K�H �P�D�Q�L�I�R�O�G �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �S�U�R�E�O�H�P��

�”�:�u�:�• ���;�m�;�u�-�t�b�Œ�-	ž�o�m ���u�u�o�u �=�o�u ���;�m�;�u�-�t ���-�m�b�=�o�t�7�v�7 ���b�ˆ�;�m �)�;�b�]�_�|�v�:

�(�[�D�F�W �D�Q�D�O�\�W�L�F�D�O �H�[�S�U�H�V�V�L�R�Q �I�R�U �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �I�R�U �J�H�Q�H�U�D�O �P�D�Q�L�I�R�O�G�V �L�V �F�R�P�S�O�L�F�D�W�H�G�� �I�X�U�W�K�H�U��

�P�R�U�H�� �W�K�H �H�U�U�R�U �G�H�S�H�Q�G�V �R�Q �W�K�H �D�V�V�X�P�H�G �V�D�P�S�O�L�Q�J �P�H�D�V�X�U�H �R�Q �W�K�H �P�D�Q�L�I�R�O�G ���Z�K�H�U�H�D�V �W�K�H �V�H�S�D�U�D�E�L�O�L�W�\

�S�U�R�E�O�H�P �L�V �P�H�D�V�X�U�H �L�Q�Y�D�U�L�D�Q�W���� �+�R�Z�H�Y�H�U�� �L�Q �W�K�H �F�D�V�H �R�I �O�L�Q�H�D�U�O�\ �V�H�S�D�U�D�E�O�H �P�D�Q�L�I�R�O�G�V �Z�L�W�K �K�L�J�K�? �Z�H

�F�D�Q �X�V�H �W�K�H �L�Q�V�L�J�K�W �I�U�R�P �W�K�H �D�E�R�Y�H �W�K�H�R�U�\ ���W�K�H �Q�R�W�L�R�Q�V �R�I �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q�V �D�Q�G �U�D�G�L�L�� �W�R �G�H�U�L�Y�H �D

�S�D�U�W�L�F�X�O�D�U�O�\ �V�L�P�S�O�H �D�S�S�U�R�[�L�P�D�W�L�R�Q��

�$�V�V�X�P�H �Z�H �K�D�Y�H �R�E�W�D�L�Q�H�G �D �V�H�W �R�I �Z�H�L�J�K�W�V �I�U�R�P �O�H�D�U�Q�L�Q�J �P�D�Q�L�I�R�O�G�V �H�L�W�K�H�U �I�U�R�P �V�X�E�V�D�P�S�O�L�Q�J �R�U

�I�U�R�P �I�X�O�O �X�Q�U�H�D�O�L�]�D�E�O�H �P�D�Q�L�I�R�O�G�V�� �V�R �W�K�D�W �Z�H �K�D�Y�H �D �Y�H�F�W�R�U�Z�� �7�K�H�Q�� �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �F�D�Q �E�H

�H�[�S�U�H�V�V�H�G �D�V

$µ
�B =

<

� 

0

! �cµ�å !
*

�d

�n�d�c
µ
�d

1?

�n

������������

�Z�K�H�U�H�c�å�D�U�H �W�K�H �¹�­�H�O�G �R�Q �W�K�H �F�H�Q�W�H�U�[�å�D�Q�G�c�d�D�U�H �W�K�H�? �¹�­�H�O�G�V �R�Q �W�K�H �E�D�V�L�V �Y�H�F�W�R�U�X�d�� �J�H�Q�H�U�D�W�H�G �E�\ �W�K�H

�W�U�D�L�Q�H�G�Z�� �7�K�H �D�Y�H�U�D�J�H �R�Y�H�U!�n�L�V �D�Q �L�Q�W�H�J�U�D�W�L�R�Q �Z�L�W�K �F�R�Q�V�W�U�D�L�Q�W�a(!�n) = �å�� �,�Q �R�W�K�H�U �Z�R�U�G�V��

/ �A(!�n)0#�n=
'

�_!�n�k(!�n)&(�a(!�n)) �A(!�n) ������������

������



�D�Q�G �Z�H �D�V�V�X�P�H
G

�_!�n�k(!�n)&(�a(!�n)) � �� �� �$�Q �L�P�S�R�U�W�D�Q�W �S�R�L�Q�W �W�R �Q�R�W�H �L�V �W�K�D�W �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �L�V

�L�Q �J�H�Q�H�U�D�O �V�H�Q�V�L�W�L�Y�H �W�R �W�K�H �F�K�R�L�F�H �R�I �P�H�D�V�X�U�H �W�R �X�V�H �L�Q �W�K�L�V �D�Y�H�U�D�J�H �L���H�����k(!�n) ��

�7�K�H �G�H�S�H�Q�G�H�Q�F�H �R�Q �W�K�H �Z�H�L�J�K�W�Z�L�V �Y�L�D �W�K�H �¹�­�H�O�G�V�c�å �D�Q�G!�c�� �'�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �O�H�D�U�Q�L�Q�J �U�X�O�H �X�V�H�G

�W�R �J�H�Q�H�U�D�W�H�Z�� �W�K�H �D�E�R�Y�H �¹�­�H�O�G�V �L�Q�G�X�F�H�G �E�\�Z �L�Q �J�H�Q�H�U�D�O �Z�L�O�O �Q�R�W �E�H �W�K�H �V�D�P�H �I�R�U �D�O�O �P�D�Q�L�I�R�O�G�V �E�X�W

�Z�L�O�O �Y�D�U�\ �Z�L�W�K �D �G�L�V�W�U�L�E�X�W�L�R�Q�K(�c�å, !�c) �H�Y�H�Q �L�I �D�O�O �P�D�Q�L�I�R�O�G�V �K�D�Y�H �W�K�H �V�D�P�H �J�H�R�P�H�W�U�\�� �)�R�U �H�[�D�P�S�O�H �L�I�Z

�L�V �W�U�D�L�Q�H�G �E�\ �W�K�H �P�D�[ �P�D�U�J�L�Q �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �V�X�E�V�D�P�S�O�H�G �P�D�Q�L�I�R�O�G�V���K(�c�å) �Z�L�O�O �E�H �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q

�G�H�V�F�U�L�E�H�G �L�Q �&�K�D�S�W�H�U�� �I�R�U �¹�­�Q�L�W�H �S�R�L�Q�W �P�D�Q�L�I�R�O�G�V�� �7�K�H�U�H�I�R�U�H�� �I�R�U �D �J�L�Y�H�Q�Z�� �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U

�F�D�Q �E�H �H�[�S�U�H�V�V�H�G �D�V �D �G�R�X�E�O�H �D�Y�H�U�D�J�L�Q�J

$�B =

<<

� 

0

! �c�å !
*

�d

�n�d�c�d

1?

#�n

?

�c�å,�c�d

������������

�”�:�u�:�‘ ���-�†�v�v�b�-�m ���r�r�u�o�Š�b�l�-	ž�o�m �b�m ���b�]�_ �	�b�l�;�m�v�b�o�m�-�t ���-�m�b�=�o�t�7�v�:

�,�Q �K�L�J�K �G�L�P�H�Q�V�L�R�Q�D�O �P�D�Q�L�I�R�O�G�V�� �Z�H �D�V�V�X�P�H �W�K�D�W�c�d�D�U�H �G�L�V�W�U�L�E�X�W�H�G �D�V �S�U�R�M�H�F�W�L�R�Q�V �R�I �J�D�X�V�V�L�D�Q�Z�R�Q �W�K�H

�X)�d�n�� �+�H�Q�F�H�c�d�W�K�H�P�V�H�O�Y�H�V �D�U�H �L���L���G�� �*�D�X�V�V�L�D�Q �G�L�V�W�U�L�E�X�W�H�G �Z�L�W�K �Q�R�U�P�ù�� �,�I �Z�H �P�D�N�H �W�K�L�V �D�V�V�X�P�S�W�L�R�Q �Z�H

�J�H�W��

$µ
�B =

HH
� 

4
! �cµ�å ! �u

5I
�u

I
�n

������������

�,�Q �R�W�K�H�U �Z�R�U�G�V��

$�B =
6

�C
&

�c�å
1

(9

�c�å

������������

�Z�K�H�U�H �W�K�H �Z�L�G�W�K �R�I �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �L�V �U�R�X�J�K�O�\

1�æ. / !�ná!�n0 . �M�æ
�R ������������

�L�Q �W�K�H �F�U�X�G�H �D�S�S�U�R�[�L�P�D�W�L�R�Q��

�:�H �P�L�J�K�W �Z�D�Q�W �W�R �W�D�N�H �L�Q�W�R �D�F�F�R�X�Q�W �W�K�H �I�D�F�W �W�K�D�W �W�K�H�c)�d�n�D�U�H �E�R�X�Q�G�H�G �V�R �W�K�H�\ �D�U�H �Q�R�W �X�Q�E�R�X�Q�G�H�G

������



�*�D�X�V�V�L�D�Q�V�� �:�H �F�D�Q �X�V�H �W�K�H �P�H�D�Q �Z�L�G�W�K �R�I �W�K�H �P�D�Q�L�I�R�O�G�M�R
(

�?�R ���)�L�J�����������D���� �D�V �D �P�H�D�V�X�U�H �R�I �W�K�H

�E�R�X�Q�G�� �)�L�Q�D�O�O�\�� �Z�H �F�D�Q �H�V�W�L�P�D�W�H �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �W�R �E�H

$�B =

<
�C( �c�å(�r)

�M�R
) ! �C

4(
�?�R

5

�ù! �æ�C
4(

�?�R
5

?

�c�å

������������

�Z�K�H�U�H �Z�H �D�G�G�H�G �D �Q�R�U�P�D�O�L�]�D�W�L�R�Q �V�R �W�K�D�W$�B = �å.�é�I�R�U�c�å = �å�� �1�R�W�H �W�K�D�W�c�å �L�V �W�K�H �¹�­�H�O�G �I�U�R�P

�W�K�H �F�H�Q�W�H�U�� �D�Q�G�?�R �D�Q�G�M�R �D�U�H �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q �D�Q�G �H�¸�I�H�F�W�L�Y�H �U�D�G�L�X�V �R�I �D �P�D�Q�L�I�R�O�G �L�G�H�Q�W�L�¹�­�H�G �L�Q

�&�K�D�S�W�H�U���� �,�Q�W�X�L�W�L�Y�H�O�\�� �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �V�K�R�Z�V �W�K�H �I�U�D�F�W�L�R�Q �R�I �D �P�D�Q�L�I�R�O�G �R�Q �W�K�H �Z�U�R�Q�J �V�L�G�H �R�I

�W�K�H �K�\�S�H�U�S�O�D�Q�H�� �Z�K�L�F�K �L�V �D�S�S�U�R�[�L�P�D�W�H�G �E�\ �W�K�H �D�U�H�D �X�Q�G�H�U �R�Q�H �H�Q�G �R�I �W�K�H �W�D�L�O �R�I �D �*�D�X�V�V�L�D�Q �G�L�V�W�U�L�E�X�W�L�R�Q

�R�X�W�V�L�G�H �R�I �W�K�H �V�L�]�H �R�I �W�K�H �F�H�Q�W�H�U �¹�­�H�O�G �L�Q�G�X�F�H�G �E�\ �W�K�H �V�R�O�X�W�L�R�Q�Z�� �G�L�Y�L�G�H�G �E�\ �W�K�H �D�U�H�D �X�Q�G�H�U �W�K�H �*�D�X�V�V�L�D�Q

�G�L�V�W�U�L�E�X�W�L�R�Q �Z�L�W�K �W�D�L�O�V �F�X�W �D�W �W�K�H �V�L�]�H �R�I �W�K�H �P�H�D�Q �Z�L�G�W�K �I�U�R�P �E�R�W�K �H�Q�G ���D�S�S�U�R�[�L�P�D�W�H�O�\ �� �L�Q �K�L�J�K�?�R

�U�H�J�L�P�H���� �7�K�L�V �U�H�O�D�W�L�R�Q �L�V �V�K�R�Z�Q �L�Q �W�K�H �)�L�J�X�U�H��������

�7�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �V�K�R�Z�V �W�Z�R �U�H�J�L�P�H�V�� �,�Q �W�K�H �F�D�V�H �Z�K�H�U�H �I�X�O�O ���X�Q�G�H�U�O�\�L�Q�J�� �P�D�Q�L�I�R�O�G�V �D�U�H �O�L�Q��

�H�D�U�O�\ �V�H�S�D�U�D�E�O�H �Z�L�W�K �P�D�U�J�L�Q#�� �7�K�H�Q �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �Z�L�O�O �H�Y�H�Q�W�X�D�O�O�\ �Y�D�Q�L�V�K �D�V �P�R�U�H �V�D�P�S�O�H�V

�S�H�U �P�D�Q�L�I�R�O�G ���h �� �D�U�H �S�U�H�V�H�Q�W�H�G �G�X�U�L�Q�J �W�K�H �W�U�D�L�Q�L�Q�J��

�2�Q�H �W�K�L�Q�J �W�R �Q�R�W�H �L�V �W�K�D�W �D�V �Z�H �L�Q�F�U�H�D�V�H �W�K�H �Q�X�P�E�H�U �R�I �V�X�E�V�D�P�S�O�H�V �I�R�U �W�U�D�L�Q�L�Q�J�h�� �W�K�H �V�L�]�H �R�I�c�å�P�X�V�W

�J�U�R�Z�� �D�V �W�K�H �K�\�S�H�U�S�O�D�Q�H �L�V �D�O�Z�D�\�V �R�X�W�V�L�G�H �W�K�H �P�H�D�Q �Z�L�G�W�K �R�I �W�K�H �V�X�E�V�D�P�S�O�H�G �P�D�Q�L�I�R�O�G�V�� �$�F�F�R�U�G�L�Q�J �W�R

�W�K�H �H�[�W�U�H�P�H �Y�D�O�X�H �W�K�H�R�U�\�� �Z�H �H�[�S�H�F�W �W�K�H �P�D�[ �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �P�D�Q�L�I�R�O�G �F�H�Q�W�H�U �D�Q�G �H�[�W�U�H�P�H �W�D�L�O �W�R

�J�U�R�Z �O�L�N�H
/

�æ�O�R�J�h�� �O�L�N�H �W�K�H�h�W�K �P�D�[�L�P�X�P �Y�D�O�X�H �R�I �V�D�P�S�O�H�V �R�I �*�D�X�V�V�L�D�Q �L�L�G �G�L�V�W�U�L�E�X�W�L�R�Q������ �,�Q �W�K�H

�O�L�P�L�W �R�I �O�D�U�J�H�h �� �Z�H �R�E�W�D�L�Q��

$�b(�h) 2 �C(#(�h) +
/

�æ�O�R�J�h) *
exp[! #

(
�ælog �h]

�h
������������

�,�Q�W�H�U�H�V�W�L�Q�J�O�\�� �W�K�L�V �G�H�F�D�\ �L�V �I�D�V�W�H�U �W�K�D�Q �W�K�H �J�H�Q�H�U�L�F �S�R�Z�H�U �O�D�Z��$�b(�h) * �h! �ù�R�I �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q

�E�R�X�Q�G�V �L�Q �O�L�Q�H�D�U�O�\ �V�H�S�D�U�D�E�O�H �S�U�R�E�O�H�P �D�Q�G �U�H�º�¾�H�F�W�V �W�K�H �S�U�H�V�H�Q�F�H �R�I �¹�­�Q�L�W�H �P�D�U�J�L�Q �R�I �W�K�H �H�Q�W�L�U�H �P�D�Q�L�I�R�O�G��

�7�K�L�V �G�H�S�H�Q�G�H�Q�F�H �L�V �G�H�P�R�Q�V�W�U�D�W�H�G �L�Q �)�L�J�X�U�H���������D�����D���� �X�V�L�Q�J �H�O�O�L�S�V�R�L�G�V��

�,�Q �W�K�H �F�D�V�H �Z�K�H�U�H �W�K�H �I�X�O�O �P�D�Q�L�I�R�O�G�V �D�U�H �Q�R�W �V�H�S�D�U�D�E�O�H �D�Q�G" �L�V �D�E�R�Y�H �W�K�H �F�D�S�D�F�L�W�\�� �H�Y�H�Q �V�X�E�V�D�P�S�O�H�G

�P�D�Q�L�I�R�O�G�V �Z�L�W�K�h �S�R�L�Q�W�V �D�U�H �Q�R�W �Q�H�F�H�V�V�D�U�L�O�\ �V�H�S�D�U�D�E�O�H�� �%�H�F�D�X�V�H �W�K�H �V�R�O�X�W�L�R�Q �K�\�S�H�U�S�O�D�Q�H �P�D�\ �L�Q�W�H�U�V�H�F�W

������



�
�b�]�†�u�; �”�:�•�9 ���;�m�;�u�-�t�b�Œ�-	ž�o�m ���u�u�o�u �=�u�o�l ���-�1�_ ���-�m�b�=�o�t�7�:�P�-�Q �$�_�; �v�o�t�†	ž�o�m �_�‹�r�;�u�r�t�-�m�; �P�7�-�v�_�;�7 �t�b�m�;�Q �b�v �7�;�|�;�u�l�b�m�;�7 �0�‹ �|�_�;

�|�u�-�b�m�b�m�] �v�-�l�r�t�;�v �]�b�ˆ�;�m �0�‹ �|�_�; �l�-�m�b�=�o�t�7 �P���u�-�m�]�; �l�-�m�b�=�o�t�7�Q�7 �-�m�7 �|�_�; �7�b�v�|�-�m�1�; �0�;�|�‰�;�;�m �|�_�; �1�;�m�|�;�u �o�= �|�_�; �o�u�b�]�b�m�-�t �l�-�m�b�=�o�t�7

�P�-�v�v�†�l�b�m�] �|�_�; �1�;�m�|�;�u �o�= �|�_�; �|�;�v	ž�m�] �l�-�m�b�=�o�t�7 �-�m�7 �o�u�b�]�b�m�-�t �l�-�m�b�=�o�t�7 �b�v �|�_�; �v�-�l�;�Q �-�m�7 �|�_�; �v�o�t�†	ž�o�m �_�‹�r�;�u�r�t�-�m�; �b�v �]�b�ˆ�;�m

�0�‹�c�å �P�-�t�o�m�] �|�_�; �7�b�u�;�1	ž�o�m �o�=�Z �Q�7 �|�_�; �C�;�t�7 �b�m�7�†�1�;�7 �0�‹ �|�_�; �|�;�v	ž�m�] �l�-�m�b�=�o�t�7 �1�;�m�|�;�u�: �$�_�; �v�b�Œ�; �o�= �|�_�; �o�u�b�]�b�m�-�t �P�|�;�v	ž�m�]�Q

�l�-�m�b�=�o�t�7�7 �-�t�o�m�] �|�_�; �7�b�u�;�1	ž�o�m �o�=�Z �7 �b�v �-�r�r�u�o�Š�b�l�-�|�;�7 �0�‹ �|�_�; ���;�-�m �)�b�7�|�_�7�M�R
(

�?�R �: �P�0�Q �$�_�; �]�;�m�;�u�-�t�b�Œ�-	ž�o�m �;�u�u�o�u �b�v

�|�_�; �=�u�-�1	ž�o�m �o�= �v�-�l�r�t�;�v �o�m �|�_�; �1�o�u�u�;�1�| �v�b�7�; �o�= �|�_�; �_�‹�r�;�u�r�t�-�m�; �o�†�| �o�= �|�_�; �|�o�|�-�t �v�-�l�r�t�;�v �P�‰�_�b�1�_ �b�v �l�;�-�v�†�u�;�J�7�;�r�;�m�7�;�m�|�Q�:

���v�v�†�l�b�m�] �|�_�; �r�u�o�f�;�1	ž�o�m�v �o�= �|�_�; �l�-�m�b�=�o�t�7 �-�t�o�m�]�Z�-�u�; ���-�†�v�v�b�-�m�7 �‰�; �-�r�r�u�o�Š�b�l�-�|�; �]�;�m�;�u�-�t�b�Œ�-	ž�o�m �;�u�u�o�u �-�v �u�-	ž�o �0�;�|�‰�;�;�m

�|�_�; �0�t�†�; �-�u�;�- �-�m�7 �0�t�†�; �r�t�†�v �u�;�7 �-�u�;�- �†�m�7�;�u �|�_�; �]�-�†�v�v�b�-�m�: �$�_�; �‰�b�7�|�_ �o�= �|�_�; �]�-�†�v�v�b�-�m �b�v �;�v	ž�l�-�|�;�7 �|�o �0�;1 = �M�R

�-�v �- �1�u�†�7�; �-�r�r�u�o�Š�b�l�-	ž�o�m �P�-�v�v�†�l�b�m�]�c�d�=�v �-�u�; ���-�†�v�v�b�-�m�v �‰�b�|�_ �m�o�u�l �•�Q�7 �‰�b�|�_ �|�_�; �|�-�b�t�v �|�u�†�m�1�-�|�;�7 �-�|�M�R
(

�?�R�7 �-�m�7 �|�_�;

�7�b�v�|�-�m�1�; �0�;�|�‰�;�;�m �|�_�; �r�;�-�h �-�m�7 �|�_�; �t�o�1�-	ž�o�m �o�= �|�_�; �_�‹�r�;�u�r�t�-�m�; �-�|�c�å �P�|�_�; �v�;�r�-�u�-	ž�o�m �0�;�|�‰�;�;�m �1�o�u�u�;�1�| �-�m�7 �b�m�1�o�u�u�;�1�|

�t�-�0�;�t�v�Q�: �!�;�v�1�-�t�b�m�] �|�_�;�s�-�Š�b�v �v�†�1�_ �|�_�-�|1 �b�v �•�7 �‰�; �]�;�| �|�_�; �;�Š�r�u�;�v�v�b�o�m$�B 2 /
�C( �c�å

�M�R
) ! �C(

%
�?�R)

�C( !
%

�?�R) ! �C(
%

�?�R)
0�:

������



�W�K�H �V�D�P�S�O�H�G �P�D�Q�L�I�R�O�G�V���c�å�Q�R �O�R�Q�J�H�U �V�F�D�O�H�V �O�L�N�H
/

�æ�O�R�J�h�� �3�H�U�K�D�S�V �I�R�U �W�K�L�V �U�H�D�V�R�Q�� �W�K�H�h �G�H�S�H�Q�G�H�Q�F�H �R�I

�J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �J�L�Y�H�Q �L�Q�V�H�S�D�U�D�E�O�H �X�Q�G�H�U�O�\�L�Q�J �P�D�Q�L�I�R�O�G�V �L�V �P�R�U�H �O�L�N�H �F�R�Q�Y�H�Q�W�L�R�Q�D�O �J�H�Q�H�U�D�O �S�R�Z�H�U

�O�D�Z��$�b(�h) ! $�b(�h = $ ) * �h! �ù�� �7�K�L�V �L�V �V�K�R�Z�Q �L�Q���������E�����E���� �X�V�L�Q�J �H�O�O�L�S�V�R�L�G�V��

�”�:�u�:�’ ���†�l�;�u�b�1�-�t ���m�ˆ�;�v	ž�]�-	ž�o�m�v

�$�V �D �V�L�P�S�O�H �H�[�D�P�S�O�H�� �Z�H �F�R�P�S�X�W�H�G �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �I�R�U �D �E�L�Q�D�U�\ �G�H�Q�V�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I�K�H�O��

�O�L�S�V�R�L�G�V�� �Z�K�H�U�H�M�d���U�D�G�L�X�V �L�Q�d�W�K �H�P�E�H�G�G�L�Q�J �G�L�P�H�Q�V�L�R�Q�� �L�V �V�D�P�S�O�H�G �I�U�R�P �D�Q �X�Q�L�I�R�U�P �G�L�V�W�U�L�E�X�W�L�R�Q �R�I

�P�i�d�a[�å.�é�M�å, �ù.�é�M�å]�� �D�Q�G �F�H�Q�W�H�U�V �D�Q�G �D�[�H�V �D�U�H �U�D�Q�G�R�P �*�D�X�V�V�L�D�Q �G�L�V�W�U�L�E�X�W�L�R�Q�� �)�U�R�P �H�D�F�K �H�O�O�L�S�V�R�L�G��

�h �W�U�D�L�Q�L�Q�J �V�D�P�S�O�H�V �D�Q�G�h�b�W�H�V�W �V�D�P�S�O�H�V �Z�H�U�H �V�D�P�S�O�H�G�� �V�R �W�K�D�W�n�d�M! �ù
�d �L�V �I�U�R�P �D �X�Q�L�I�R�U�P �V�S�K�H�U�L�F�D�O �G�L�V��

�W�U�L�E�X�W�L�R�Q�� �:�L�W�K �W�K�H�V�H�h�K�¹�­�Q�L�W�H �W�U�D�L�Q�L�Q�J �V�D�P�S�O�H�V�� �P�D�[ �P�D�U�J�L�Q �V�R�O�X�W�L�R�Q �Z�D�V �I�R�X�Q�G �X�V�L�Q�J �D �V�W�D�Q�G�D�U�G

�V�O�D�F�N���6�9�0 �V�R�O�Y�H�U�� �D�Q�G �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �Z�D�V �F�R�P�S�X�W�H�G �X�V�L�Q�J�h�b�K�W�H�V�W �V�D�P�S�O�H�V�� �8�V�L�Q�J �W�K�H �F�H�Q�W�H�U�V

�R�I �W�K�H �H�O�O�L�S�V�R�L�G�V �D�Q�G �W�K�H �P�D�[ �P�D�U�J�L�Q �V�R�O�X�W�L�R�Q�Z�� �W�K�H�R�U�H�W�L�F�D�O �H�V�W�L�P�D�W�L�R�Q �R�I �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �Z�D�V

�F�R�P�S�X�W�H�G �X�V�L�Q�J �(�T�Q������������ �:�H �V�K�R�Z �W�K�H �U�H�V�X�O�W�V �R�I �W�K�L�V �V�L�P�X�O�D�W�L�R�Q �L�Q �)�L�J����������

������



�
�b�]�†�u�; �”�:�v�9 ���;�m�;�u�-�t�b�Œ�-	ž�o�m ���u�u�o�u �o�= ���t�t�b�r�v�o�b�7�v ���t�-�v�v�b�C�1�-	ž�o�m �-�v �- �
�†�m�1	ž�o�m �o�= ���†�l�0�;�u �o�= �"�†�0�v�-�l�r�t�;�v ���;�u ���-�m�b�=�o�t�7

�P�h �Q�:�P�-�•�J�-�‘�Q ���m �|�_�; �u�;�]�b�l�; �‰�_�;�u�; �|�_�; �=�†�t�t �l�-�m�b�=�o�t�7�v �-�u�; �v�;�r�-�u�-�0�t�;�7 �|�_�; �]�;�m�;�u�-�t�b�Œ�-	ž�o�m �;�u�u�o�u �-�r�r�u�o�-�1�_�;�v �Œ�;�u�o �-�v�h
�b�v �b�m�1�u�;�-�v�;�7�7 �-�| �|�_�; �u�-�|�; �o�=$�B 2 �ù

�h �;�Š�r[! #
(

�æ�t�o�]�h]�: �$�_�; �l�-�m�b�=�o�t�7�v �†�v�;�7 �‰�;�u�;�?�J�7�b�l�;�m�v�b�o�m�-�t �;�t�t�b�r�v�o�b�7�v �‰�b�|�_

�M�d 2 �P�i�d�a[�å.�é�M�å, �ù.�é�M�å] �-�m�7�K = �ù�å, �I = �é�å, �M�å = �ù.�å�å, �? = �é�å�: �P�0�•�J�0�‘�Q ���m �|�_�; �u�;�]�b�l�; �‰�_�;�u�; �|�_�;

�=�†�t�t �l�-�m�b�=�o�t�7�v �-�u�; �m�o�| �v�;�r�-�u�-�0�t�;�7 �|�_�; �]�;�m�;�u�-�t�b�Œ�-	ž�o�m �;�u�u�o�u �-�r�r�u�o�-�1�_�;�v �-�| �|�_�; �u�-�|�; �o�=$�B ! $�B(�h = $ ) 2 �h! �ù�: �$�_�;

�r�-�u�-�l�;�|�;�u�v �=�o�u �|�_�; �;�t�t�b�r�v�o�b�7�v �†�v�;�7 �=�o�u �|�_�; �v�b�l�†�t�-	ž�o�m �‰�;�u�;�K= �æ�å, �I = �é�å, �M�å = �æ.�å�å, �? = �é�å�: ���m �-�t�t �v�b�l�†�J

�t�-	ž�o�m�v �]�;�m�;�u�-�t�b�Œ�-	ž�o�m �;�u�u�o�u �‰�-�v �|�;�v�|�;�7 �‰�b�|�_�h�b = �ù�å�å�å�r�;�u �l�-�m�b�=�o�t�7�: �$�_�; �|�_�;�o�u�;	ž�1�-�t �r�u�;�7�b�1	ž�o�m�v �=�o�u �]�;�m�;�u�-�t�b�Œ�-	ž�o�m

�;�u�u�o�u �r�-�|�1�_�;�v �|�_�; �]�;�m�;�u�-�t�b�Œ�-	ž�o�m �;�u�u�o�u �1�-�t�1�†�t�-�|�;�7 �0�‹ �|�_�; �v�b�l�†�t�-	ž�o�m �‰�;�t�t �b�m �|�_�b�v �u�;�]�b�l�;�:

�:�H �¹�­�Q�G �W�K�D�W �W�K�H �*�D�X�V�V�L�D�Q �D�S�S�U�R�[�L�P�D�W�L�R�Q �R�I �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �Z�R�U�N�V �T�X�L�W�H �Z�H�O�O�� �D�Q�G �W�K�H

�H�V�W�L�P�D�W�L�R�Q �P�D�W�F�K�H�V �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �X�V�L�Q�J �V�L�P�X�O�D�W�L�R�Q�V�� �:�H �¹�­�Q�G �W�K�D�W �L�Q�G�H�H�G �L�Q �W�K�H �V�H�S�D�U�D�E�O�H

�F�D�V�H�� �W�K�H$�B �L�V �F�O�R�V�H �W�R�ù
�h �`�s�k[! #

(
�æ�g�j�b�h]�� �D�Q�G �L�Q �W�K�H �L�Q�V�H�S�D�U�D�E�O�H �F�D�V�H��$�b(�h) ! $�b(�h = $ ) �L�V

�D�S�S�U�R�[�L�P�D�W�H�O�\�ù/ �h.

������



�”�:�u�:�“ �	�b�v�1�†�v�v�b�o�m

�+�H�U�H �Z�H �G�H�P�R�Q�V�W�U�D�W�H�G �K�R�Z �W�K�H �L�Q�V�L�J�K�W�V �I�U�R�P �W�K�H �P�D�Q�L�I�R�O�G�V �F�D�S�D�F�L�W�\ �W�K�H�R�U�\ �F�D�Q �E�H �X�V�H�G �W�R �F�R�P�S�X�W�H

�W�K�H �F�U�X�G�H �D�S�S�U�R�[�L�P�D�W�L�R�Q �R�I �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �L�Q �W�K�H �K�L�J�K �H�P�E�H�G�G�L�Q�J �G�L�P�H�Q�V�L�R�Q�� �Z�K�L�F�K �Z�R�U�N�V �V�X�U��

�S�U�L�V�L�Q�J�O�\ �Z�H�O�O �L�Q �W�K�H �F�D�V�H �R�I �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �R�I �H�O�O�L�S�V�R�L�G�V�� �&�O�H�D�U�O�\�� �Z�H �P�D�G�H �V�R�P�H �D�V�V�X�P�S�W�L�R�Q�V �I�R�U �W�K�H

�V�D�N�H �R�I �W�K�H �D�S�S�U�R�[�L�P�D�W�L�R�Q ���L���H���c�d�D�U�H �*�D�X�V�V�L�D�Q�V���� �7�K�H �I�X�O�O�\ �J�H�Q�H�U�D�O �U�H�S�O�L�F�D �W�K�H�R�U�\ �R�I �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q

�H�U�U�R�U �I�R�U �P�D�Q�L�I�R�O�G�V �Z�L�O�O �U�H�T�X�L�U�H �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V �R�I �W�K�H �D�F�W�X�D�O �P�D�Q�L�I�R�O�G �J�H�R�P�H�W�U�\�� �D�Q�G �W�K�H �P�H�D�V�X�U�H �R�I

�W�K�H �V�D�P�S�O�H�V �R�Q �W�K�H �P�D�Q�L�I�R�O�G���k(!�n)�� �D�Q�G �X�V�L�Q�J �W�K�H �P�D�Q�L�I�R�O�G���G�H�S�H�Q�G�H�Q�W �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �¹�­�H�O�G�V�c�å�D�Q�G�c�d

�I�U�R�P �W�K�H �U�H�S�O�L�F�D �W�K�H�R�U�\��

�”�:�• ���m�-�t�‹�v�b�v �o�= ���o�o�]���;���;�| ���-�m�b�=�o�t�7�v

�6�R �I�D�U�� �Z�H �K�D�Y�H �F�R�Q�V�L�G�H�U�H�G �Y�D�U�L�R�X�V �H�[�W�H�Q�V�L�R�Q�V �R�I �W�K�H �W�K�H�R�U�\ �R�I �P�D�Q�L�I�R�O�G �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �I�R�U �W�K�H �D�Q�D�O�\��

�V�L�V �D�Q�G �D�S�S�O�L�F�D�W�L�R�Q �W�R �U�H�D�O �G�D�W�D�� �,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �V�K�R�Z �K�R�Z �R�X�U �P�D�Q�L�I�R�O�G �F�D�S�D�F�L�W�\ �W�K�H�R�U�\ �F�D�Q �E�H

�D�S�S�O�L�H�G �W�R �U�H�D�O�L�V�W�L�F �G�D�W�D�� �E�\ �D�Q�D�O�\�]�L�Q�J �P�D�Q�L�I�R�O�G �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �L�Q �F�R�Q�Y�H�Q�W�L�R�Q�D�O �G�H�H�S �Q�H�W�Z�R�U�N�V �D�V �D�Q

�L�O�O�X�V�W�U�D�W�L�Y�H �H�[�D�P�S�O�H�� �,�Q �W�K�H �U�H�F�H�Q�W �\�H�D�U�V�� �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �D�U�W�L�¹�­�F�L�D�O �V�\�V�W�H�P�V �I�R�U �Y�L�V�X�D�O �F�O�D�V�V�L�¹�­�F�D��

�W�L�R�Q �W�D�V�N�V �K�D�V �E�H�H�Q �I�R�F�X�V�H�G �R�Q �W�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �H�U�U�R�U �R�I �W�K�H �¹�­�Q�D�O �O�D�\�H�U �R�Q �W�K�H �W�H�V�W �G�D�W�D�V�H�W�� �+�R�Z�H�Y�H�U��

�W�K�H �X�Q�G�H�U�O�\�L�Q�J �J�R�D�O �I�R�U �W�U�D�L�Q�L�Q�J �V�X�F�K �V�\�V�W�H�P �L�V �W�R �F�U�H�D�W�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �V�X�F�K �W�K�D�W �G�L�¸�I�H�U�H�Q�W �R�E�M�H�F�W�V �D�U�H

�H�D�V�\ �W�R �G�L�V�W�L�Q�J�X�L�V�K �I�U�R�P �H�D�F�K �R�W�K�H�U�� �7�K�L�V �L�G�H�D �L�V �F�O�R�V�H�O�\ �U�H�O�D�W�H�G �W�R �R�X�U �Q�R�W�L�R�Q �R�I �P�D�Q�L�I�R�O�G �F�O�D�V�V�L�¹�­�F�D��

�W�L�R�Q �F�D�S�D�F�L�W�\�� �8�V�L�Q�J �R�X�U �W�K�H�R�U�\�� �Z�H �D�Q�D�O�\�]�H �K�R�Z �G�D�W�D �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �U�H�I�R�U�P�D�W �D�F�U�R�V�V �G�L�¸�I�H�U�H�Q�W �O�D�\�H�U�V

�R�I �*�R�R�J�/�H�1�H�W���� �� �R�Q�H �R�I �W�K�H �Z�L�G�H�O�\ �X�V�H�G �G�H�H�S �Q�H�W�Z�R�U�N�V �I�R�U �D �S�R�S�X�O�D�U �Y�L�V�X�D�O �U�H�F�R�J�Q�L�W�L�R�Q �W�D�V�N�� �,�P�D��

�J�H�1�H�W���� �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �W�D�V�N�� �8�V�L�Q�J �G�L�¸�I�H�U�H�Q�W �R�E�M�H�F�W �F�O�D�V�V�H�V �R�I �,�P�D�J�H�1�H�W �G�D�W�D�V�H�W �D�V �P�D�Q�L�I�R�O�G�V�� �Z�H �V�K�R�Z

�K�R�Z �W�K�H �T�X�D�Q�W�L�W�L�H�V �W�K�D�W �F�R�Q�W�U�L�E�X�W�H �W�R �W�K�H �P�D�Q�L�I�R�O�G �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �F�D�S�D�F�L�W�\�� �L���H�� �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q��

�H�¸�I�H�F�W�L�Y�H �U�D�G�L�X�V�� �*�D�X�V�V�L�D�Q �P�H�D�Q �Z�L�G�W�K�� �D�Q�G �Y�D�U�L�R�X�V �F�R�U�U�H�O�D�W�L�R�Q�V�� �F�K�D�Q�J�H �D�F�U�R�V�V �W�K�H �K�L�H�U�D�U�F�K�\ �R�I �W�K�H

�O�D�\�H�U�V��

������



�”�:�•�:�• ���;�|�_�o�7�v

�:�H �G�H�¹�­�Q�H�G �D�Q �R�E�M�H�F�W �P�D�Q�L�I�R�O�G �D�V �F�R�Q�Y�H�[ �K�X�O�O�V �R�I �W�U�D�L�Q�L�Q�J �V�D�P�S�O�H�V �I�U�R�P �G�L�¸�I�H�U�H�Q�W �R�E�M�H�F�W �F�O�D�V�V�H�V �I�U�R�P

�,�P�D�J�H�1�H�W �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �W�D�V�N �G�D�W�D�V�H�W������ �,�P�D�J�H�1�H�W �'�D�W�D�V�H�W �K�D�V �������� �R�E�M�H�F�W �F�O�D�V�V�H�V �Z�L�W�K �U�R�X�J�K�O�\ ��������

�W�U�D�L�Q�L�Q�J �V�D�P�S�O�H�V �L�Q �H�D�F�K �R�E�M�H�F�W �F�O�D�V�V�� �+�H�U�H�� �Z�H �F�R�P�S�X�W�H�G �W�K�H �F�H�Q�W�H�U �R�I �P�D�V�V �R�I �H�D�F�K �F�O�D�V�V ���V�X�F�K �W�K�D�Wµ�W�K

�P�D�Q�L�I�R�O�G�#�V �F�H�Q�W�H�U �L�V�[µ�å�D�Q�G �P�H�D�Q �R�I �W�K�H �F�H�Q�W�H�U�V �D�U�H �V�H�W �W�R �E�H �W�K�H �R�U�L�J�L�Q���� �D�Q�G �V�H�O�H�F�W�H�G �D �V�P�D�O�O �V�H�W �R�I �R�E�M�H�F�W

�F�O�D�V�V�H�V ���K�� �V�X�F�K �W�K�D�W �W�K�H�L�U �F�H�Q�W�H�U���W�R���F�H�Q�W�H�U �R�Y�H�U�O�D�S�� �R�U �F�H�Q�W�H�U���W�R���F�H�Q�W�H�U �F�R�U�U�H�O�D�W�L�R�Q�� ��0�^�`�i�o�`�m= ö�sµ�åáö�s+�å��

�L�V �V�P�D�O�O�H�U �W�K�D�Q �D �W�K�U�H�V�K�R�O�G �Y�D�O�X�H�� �7�K�H �F�R�U�U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �F�H�Q�W�H�U�V �R�I �W�K�H �L�P�D�J�H �R�E�M�H�F�W �P�D�Q�L�I�R�O�G�V �D�U�H

�V�X�U�S�U�L�V�L�Q�J�O�\ �K�L�J�K�� �D�Q�G �W�K�H�U�H �L�V �D �W�U�D�G�H�R�¸�I �E�H�W�Z�H�H�Q �D �O�R�Z �W�K�U�H�V�K�R�O�G �Y�D�O�X�H0 �D�Q�G �W�K�H �Q�X�P�E�H�U �R�I �R�E�M�H�F�W

�F�O�D�V�V�H�V�K. �,�Q �R�X�U �V�L�P�X�O�D�W�L�R�Q�� �Z�H �X�V�H�G�K= �æ�æ�D�Q�G0�^�`�i�o�`�m�Z�D�V �U�R�X�J�K�O�\ ��������

�7�R �V�W�X�G�\ �K�R�Z �,�P�D�J�H�1�H�W �R�E�M�H�F�W �P�D�Q�L�I�R�O�G�V �U�H�I�R�U�P�D�W �L�Q �D �Q�H�W�Z�R�U�N �W�K�D�W �L�V �J�X�D�U�D�Q�W�H�H�G �W�R �D�F�K�L�H�Y�H �D

�K�L�J�K �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �S�H�U�I�R�U�P�D�Q�F�H�� �Z�H �F�K�R�V�H �*�R�R�J�/�H�1�H�W������ �D �Z�L�Q�Q�H�U �R�I �,�P�D�J�H�1�H�W �/�D�U�J�H �6�F�D�O�H �9�L�V�X�D�O

�5�H�F�R�J�Q�L�W�L�R�Q �&�K�D�O�O�H�Q�J�H ���,�/�6�9�5�&���� �:�H �X�V�H�G �S�U�H���W�U�D�L�Q�H�G �*�R�R�J�/�H�1�H�W �Z�H�L�J�K�W�V �D�Y�D�L�O�D�E�O�H �Y�L�D �0�D�W�&�R�Q��

�Y�1�H�W �I�U�D�P�H�Z�R�U�N���� �W�R �H�[�W�U�D�F�W �D�Q�G �D�Q�D�O�\�]�H �W�K�H �,�P�D�J�H�1�H�W �2�E�M�H�F�W �0�D�Q�L�I�R�O�G�V �L�Q �G�L�¸�I�H�U�H�Q�W �O�D�\�H�U�V�� �$�V �W�K�H

�Q�H�W�Z�R�U�N �V�L�]�H �L�V �H�[�W�U�H�P�H�O�\ �O�D�U�J�H�� �Z�H �I�R�F�X�V�H�G �R�Q �W�K�H �O�D�\�H�U�V �D�I�¿�H�U �W�K�H �S�R�R�O�L�Q�J �O�D�\�H�U�V�� �:�H �U�D�Q�G�R�P�O�\ �V�H�O�H�F�W�H�G

�I �n�p�]�X�Q�L�W�V �I�U�R�P �W�K�H �W�R�W�D�O �X�Q�L�W�V �I�U�R�P �H�D�F�K �O�D�\�H�U�� �D�Q�G �F�R�P�S�X�W�H�G�M�R���?�R �X�V�L�Q�J �W�K�H �V�H�W �R�I �S�R�L�Q�W�V ���G�H��

�¹�­�Q�H�G �L�Q �&�K�D�S�W�H�U���� �(�T�Q�V�������������������������� �:�H �D�O�V�R �F�R�P�S�X�W�H�G �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�¸�¹�­�F�L�H�Q�W�V �E�H�W�Z�H�H�Q �W�K�H �F�H�Q�W�H�U�V

�R�I �P�D�Q�L�I�R�O�G�V �L�Q �H�D�F�K �O�D�\�H�U�� �D�V �Z�H�O�O �D�V �W�K�H �R�Y�H�U�O�D�S �E�H�W�Z�H�H�Q �F�H�Q�W�H�U�V �D�Q�G �W�K�H�L�U �R�Z�Q �D�[�L�V ���V�H�O�I �F�H�Q�W�H�U���D�[�L�V

�F�R�U�U�H�O�D�W�L�R�Q�� �D�Q�G �F�H�Q�W�H�U�V �D�Q�G �D�[�L�V �R�I �W�K�H �U�H�V�W �R�I �W�K�H �R�E�M�H�F�W �P�D�Q�L�I�R�O�G�V ���F�U�R�V�V �F�H�Q�W�H�U���D�[�L�V �F�R�U�U�H�O�D�W�L�R�Q����

�,�Q �W�K�H �F�D�V�H �R�I �F�H�Q�W�H�U���D�[�L�V �F�R�U�U�H�O�D�W�L�R�Q�� �E�H�F�D�X�V�H �R�E�M�H�F�W �P�D�Q�L�I�R�O�G�V �D�U�H �K�L�J�K �G�L�P�H�Q�V�L�R�Q�D�O �D�Q�G �K�D�Y�H �G�L�¸�I�H�U��

�H�Q�W �V�L�]�H�V �R�I �H�[�W�H�Q�W�V �D�O�R�Q�J �G�L�¸�I�H�U�H�Q�W �H�P�E�H�G�G�L�Q�J �G�L�P�H�Q�V�L�R�Q�V�� �W�K�H �R�Y�H�U�O�D�S �P�H�D�V�X�U�H�V �Z�H�U�H �V�F�D�O�H�G �Z�L�W�K �W�K�H

�H�L�J�H�Q�Y�D�O�X�H �R�I �W�K�H �F�R�Y�D�U�L�D�Q�F�H �P�D�W�U�L�[ �R�I �W�K�H �R�E�M�H�F�W �P�D�Q�L�I�R�O�G��

� �̂ !̂ �^ = /�A�[ µ
�å á�A�[ +

�å0µ+

�Z�K�H�U�H

�^�n�`�g�a
� !̂ �p =

<
* µ

�d

||!* µ ||
�A�[ µ

�å á�A�Xµ�d

?

�d,µ

; µ = �ù, ..., �K�d= �ù, ..., �?

������



� �̂^�m�j�n�n
� !̂ �p =

<
* µ

�d

||!* µ ||
�A�[ +

�åá�A�Xµ�d

?

; 2 = �ù, ..., �K, µ -= 2, �d= �ù, ..., �?

�Z�K�H�U�H* µ
�d �D�U�H �W�K�H�d�W�K �H�L�J�H�Q�Y�D�O�X�H �R�I �W�K�H �F�R�Y�D�U�L�D�Q�F�H �P�D�W�U�L�[ �R�I �W�K�H �V�D�P�S�O�H�V �R�I �W�K�Hµ �W�K �P�D�Q�L�I�R�O�G��

�”�:�•�:�‘ �!�;�v�†�t�|�v �-�m�7 �	�b�v�1�†�v�v�b�o�m�v

�,�Q �W�K�H �¹�­�J�X�U�H �E�H�O�R�Z�� �Z�H �V�K�R�Z �W�K�H �V�X�P�P�D�U�\ �R�I �W�K�H �U�H�V�X�O�W�V �I�U�R�P �W�K�H �D�Q�D�O�\�V�L�V �G�H�V�F�U�L�E�H�G�� �:�H �N�Q�R�Z �I�U�R�P

�W�K�H �S�H�U�F�H�S�W�U�R�Q �F�D�S�D�F�L�W�\ �R�I �U�D�Q�G�R�P �J�H�Q�H�U�D�O �P�D�Q�L�I�R�O�G�V�� �W�K�D�W �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q �D�Q�G �H�¸�I�H�F�W�L�Y�H �U�D�G�L�X�V

�Q�H�H�G �W�R �E�H �U�H�G�X�F�H�G �L�Q �R�U�G�H�U �W�R �L�Q�F�U�H�D�V�H �W�K�H �P�D�Q�L�I�R�O�G �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �F�D�S�D�F�L�W�\�� �:�H �D�O�V�R �K�D�Y�H �D�Q �R�Q�J�R�L�Q�J

�W�K�H�R�U�H�W�L�F�D�O �Z�R�U�N �L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �F�R�U�U�H�O�D�W�L�R�Q�V �E�H�W�Z�H�H�Q �P�D�Q�L�I�R�O�G�V �U�H�G�X�F�H �W�K�H �H�¸�I�H�F�W�L�Y�H �D�P�E�L�H�Q�W �G�L�P�H�Q��

�V�L�R�Q �R�I �W�K�H �G�D�W�D�� �U�H�V�X�O�W�L�Q�J �L�Q �W�K�H �U�H�G�X�F�H�G �F�U�L�W�L�F�D�O �Q�X�P�E�H�U �R�I �P�D�Q�L�I�R�O�G�V �W�K�D�W �F�D�Q �E�H �V�H�S�D�U�D�W�H�G��

�
�b�]�†�u�; �”�:�–�9 ���m�-�t�‹�v�b�v �o�= ���-�m�b�=�o�t�7 ���u�o�r�;�u	ž�;�v �b�m �	�b�@�;�u�;�m�| ���-�‹�;�u�v �o�= �	�;�;�r ���;�|�‰�o�u�h�v�:�&�v�b�m�] �|�_�; ���l�-�]�;���;�| �	�-�|�-�v�;�| �=�o�u

�7�b�@�;�u�;�m�| �1�t�-�v�v �-�v �o�0�f�;�1�| �l�-�m�b�=�o�t�7�v�7 �;�@�;�1	ž�ˆ�; �l�-�m�b�=�o�t�7 �r�u�o�r�;�u	ž�;�v �‰�;�u�; �-�m�-�t�‹�Œ�;�7 �b�m �7�b�@�;�u�;�m�| �t�-�‹�;�u�v �o�= ���o�o�]���;���;�|�: �P�-�Q

���@�;�1	ž�ˆ�; �	�b�l�;�m�v�b�o�m�?�R �-�m�7 ���@�;�1	ž�ˆ�; �!�-�7�b�†�v�M�R �=�o�u �7�b�@�;�u�;�m�| �t�-�‹�;�u�v �o�= ���o�o�]���;���;�|�: �P�1�Q ���-�t�= �o�= ���-�†�v�v�b�-�m ���;�-�m �)�b�7�|�_

(�M�R
(

�?�R�Q �=�o�u �7�b�@�;�u�;�m�| �t�-�‹�;�u�v �o�= ���o�o�]���;���;�|�: �P�1�Q ���o�u�u�;�t�-	ž�o�m �0�;�|�‰�;�;�m �l�-�m�b�=�o�t�7 �1�;�m�|�;�u�v �P�7�Q ���o�u�u�;�t�-	ž�o�m �0�;�|�‰�;�;�m �;�-�1�_

�l�-�m�b�=�o�t�7 �1�;�m�|�;�u �-�m�7 �b�|�v �-�Š�;�v�7 �-�ˆ�;�u�-�]�;�7 �o�ˆ�;�u �l�-�m�b�=�o�t�7�v�: �P�;�Q ���o�u�u�;�t�-	ž�o�m �0�;�|�‰�;�;�m �;�-�1�_ �l�-�m�b�=�o�t�7 �1�;�m�|�;�u �-�m�7 �|�_�; �-�Š�;�v �o�=

�|�_�; �o�|�_�;�u �l�-�m�b�=�o�t�7�v�7 �-�ˆ�;�u�-�]�;�7 �o�ˆ�;�u �l�-�m�b�=�o�t�7�v�:

������
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�F�U�H�D�V�H �V�\�V�W�H�P�D�W�L�F�D�O�O�\ �Z�K�L�O�H �E�H�L�Q�J �S�U�R�F�H�V�V�H�G �E�\ �W�K�H �O�D�\�H�U�V �R�I �W�K�H �G�H�H�S �Q�H�W�Z�R�U�N ���)�L�J���������D������ �3�D�U�W�L�F�X�O�D�U�O�\��

�W�K�H �P�R�V�W �G�U�D�P�D�W�L�F �L�P�S�U�R�Y�H�P�H�Q�W �L�Q�M�R �D�S�S�H�D�U�V �L�Q �W�K�H �H�D�U�O�\ �S�D�U�W �R�I �W�K�H �S�U�R�F�H�V�V�L�Q�J�� �2�Q �W�K�H �F�R�Q�W�U�D�U�\��

�W�K�H �P�H�D�Q �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q�?�R �R�I �,�P�D�J�H�1�H�W �P�D�Q�L�I�R�O�G�V �G�R�H�V�Q�#�W �G�H�F�U�H�D�V�H �D�V �V�L�J�Q�L�¹�­�F�D�Q�W�O�\ ���)�L�J���������D������

�7�K�H �Y�D�O�X�H�V �R�I�?�R �D�W �G�L�¸�I�H�U�H�Q�W �O�D�\�H�U�V �D�U�H �T�X�L�W�H �F�O�R�V�H �W�R�æ�O�R�J�h �W�K�U�R�X�J�K�R�X�W ���Z�K�H�U�H�h �L�V �W�K�H �Q�X�P�E�H�U �R�I

�W�U�D�L�Q�L�Q�J �V�D�P�S�O�H�V �L�Q �H�D�F�K �R�E�M�H�F�W �F�O�D�V�V���� �D�Q�G �W�K�L�V �P�D�\ �L�P�S�O�\ �W�K�D�W �W�K�H �H�¸�I�H�F�W�L�Y�H �G�L�P�H�Q�V�L�R�Q �R�I �R�E�M�H�F�W �P�D�Q��

�L�I�R�O�G�V �L�V �G�H�W�H�U�P�L�Q�H�G �E�\ �W�K�H �Q�X�P�E�H�U �R�I �W�U�D�L�Q�L�Q�J �V�D�P�S�O�H�V �R�I �W�K�H �G�D�W�D�� �)�X�U�W�K�H�U �L�Q�Y�H�V�W�L�J�D�W�L�R�Q�V �R�Q �Z�K�D�W

�G�H�W�H�U�P�L�Q�H�V�?�R �R�I �W�K�H �U�H�D�O�L�V�W�L�F �G�D�W�D �L�V �R�Q�J�R�L�Q�J �Z�R�U�N��

�5�H�F�D�O�O �W�K�D�W�M�R
(

�?�R�� �K�D�O�I �R�I �W�K�H �*�D�X�V�V�L�D�Q �P�H�D�Q �Z�L�G�W�K�� �L�V �G�L�U�H�F�W�O�\ �U�H�O�D�W�H�G �W�R �W�K�H �F�D�S�D�F�L�W�\ �R�I �P�D�Q��

�L�I�R�O�G�V�� �7�K�H�U�H �L�V �D �V�\�V�W�H�P�D�W�L�F �G�U�R�S �L�Q �W�K�H �V�L�]�H �R�I�M�R
(

�?�R �D�F�U�R�V�V �O�D�\�H�U�V�� �Z�K�H�U�H �W�K�H �P�R�V�W �G�U�D�P�D�W�L�F �L�P��

�S�U�R�Y�H�P�H�Q�W �L�V �L�Q �W�K�H �H�D�U�O�\ �V�W�D�J�H �D�Q�G �W�K�H�U�H �L�V �D �F�R�Q�V�L�V�W�H�Q�W �L�P�S�U�R�Y�H�P�H�Q�W �L�Q �W�K�H �U�H�V�W �R�I �W�K�H �O�D�\�H�U�V ���)�L�J

���������E������ �6�X�S�S�R�V�H�G�O�\ �W�K�H �X�W�L�O�L�W�\ �R�I �W�K�H �G�H�H�S �V�W�U�X�F�W�X�U�H �R�I �W�K�H �Q�H�W�Z�R�U�N �L�V �L�Q�F�U�H�D�V�L�Q�J �W�K�H �P�D�Q�L�I�R�O�G �F�D�S�D�F��

�L�W�\�� �E�\ �U�H�G�X�F�L�Q�J �W�K�H �*�D�X�V�V�L�D�Q �P�H�D�Q �Z�L�G�W�K��

�1�R�W�H �W�K�D�W �L�Q�M�R �D�Q�G�M�R
(

�?�R�� �W�K�H �E�H�V�W �Y�D�O�X�H�V �D�U�H �L�Q �W�K�H �R�X�W�S�X�W ���U�H�D�G�R�X�W�� �O�D�\�H�U�� �D�Q�G �W�K�H �Z�R�U�V�W

�Y�D�O�X�H�V �D�U�H �L�Q �W�K�H �L�Q�S�X�W ���S�L�[�H�O�� �O�D�\�H�U ���)�L�J���������D�������E������

�&�H�Q�W�H�U���F�H�Q�W�H�U �F�R�U�U�H�O�D�W�L�R�Q�V ��� �̂ !̂ � �̂� �D�O�V�R �V�K�R�Z �V�\�V�W�H�P�D�W�L�F �G�H�F�U�H�D�V�H �D�F�U�R�V�V �O�D�\�H�U�V ���)�L�J���������F������ �L�P�S�O�\��

�L�Q�J �W�K�D�W �G�H�H�S �Q�H�W�Z�R�U�N �J�U�D�G�X�D�O�O�\ �G�H�F�R�U�U�H�O�D�W�H�V �W�K�H �F�H�Q�W�H�U�V �R�I �W�K�H �R�E�M�H�F�W �P�D�Q�L�I�R�O�G�V�� �1�R�W�H �W�K�D�W �Z�K�H�Q

�W�K�H�U�H �L�V �P�R�U�H �F�R�U�U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �F�H�Q�W�H�U�V�� �W�K�H �W�R�W�D�O �V�S�D�F�H �V�S�D�Q�Q�H�G �E�\ �W�K�H �P�D�Q�L�I�R�O�G �F�H�Q�W�H�U�V �Z�L�O�O �E�H

�P�R�U�H �V�N�H�Z�H�G ���F�R�P�S�D�U�H�G �W�R �V�S�K�H�U�L�F�D�O���� �D�Q�G �W�K�H �H�¸�I�H�F�W�L�Y�H �D�P�E�L�H�Q�W �G�L�P�H�Q�V�L�R�Q �V�S�D�Q�Q�H�G �E�\ �W�K�H �F�H�Q�W�H�U�V

�Z�L�O�O �E�H �V�P�D�O�O�H�U�� �P�D�N�L�Q�J �W�K�H �P�D�[�L�P�X�P �F�U�L�W�L�F�D�O �Q�X�P�E�H�U �R�I �P�D�Q�L�I�R�O�G�V �V�P�D�O�O�H�U������ �7�K�H�U�H�I�R�U�H�� �W�K�H �G�H�H�S

�Q�H�W�Z�R�U�N �Z�R�U�N�V �W�R�Z�D�U�G�V �L�Q�F�U�H�D�V�L�Q�J �W�K�H �P�D�Q�L�I�R�O�G �F�D�S�D�F�L�W�\ �E�\ �U�H�G�X�F�L�Q�J �W�K�H �F�R�U�U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �F�H�Q��

�W�H�U�V�� �2�W�K�H�U �W�\�S�H�V �R�I �F�R�U�U�H�O�D�W�L�R�Q�V ���V�X�F�K �D�V �F�H�Q�W�H�U �W�R �D�[�H�V�� �Z�L�W�K�L�Q �W�K�H �P�D�Q�L�I�R�O�G���^�n�`�g�a
� !̂ �p�� �R�U �D�F�U�R�V�V �P�D�Q�L�I�R�O�G�V��

� �̂^�m�j�n�n
� !̂ �p �� �V�K�R�Z �Q�R�W �D�V �V�W�U�R�Q�J �W�U�H�Q�G�V �D�F�U�R�V�V �W�K�H �O�D�\�H�U�V�� �D�Q�G �Z�H �K�R�S�H �W�R �D�G�G�U�H�V�V �W�K�L�V �I�X�U�W�K�H�U �L�Q �W�K�H �I�X�W�X�U�H��
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�,�Q �W�K�H �I�X�W�X�U�H�� �Z�H �K�R�S�H �W�R �F�R�Q�Q�H�F�W �W�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �W�K�H �W�K�H�R�U�\ �D�Q�G �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �P�D�Q�L�I�R�O�G

�F�D�S�D�F�L�W�\�� �D�Q�G �W�D�N�H �L�Q�W�R �D�F�F�R�X�Q�W �Y�D�U�L�R�X�V �W�\�S�H�V �R�I �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q�V�� �V�X�F�K �D�V �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �Z�L�W�K �V�S�D�U�V�H �O�D�E�H�O�V
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�L�Q �W�K�H �R�E�M�H�F�W �U�H�F�R�J�Q�L�W�L�R�Q �O�L�P�L�W�� �0�D�Q�\ �G�H�H�S �Q�H�W�Z�R�U�N�V �K�D�Y�H �V�L�P�L�O�D�U �F�R�P�S�X�W�D�W�L�R�Q�D�O �E�X�L�O�G�L�Q�J �E�O�R�F�N�V ���L���H��

�F�R�Q�Y�R�O�X�W�L�R�Q�� �P�D�[ �S�R�R�O�L�Q�J�� �5�H�/�X�� �G�U�R�S�R�X�W�V�� �V�S�D�U�V�L�W�\�� �H�W�F���� �D�Q�G �Z�H �K�R�S�H �W�R �D�G�G�U�H�V�V �W�K�H �U�R�O�H �R�I �H�D�F�K
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���P�D�Q�L�I�R�O�G �F�D�S�D�F�L�W�\���� �)�L�Q�D�O�O�\�� �Z�H �K�R�S�H �W�R �D�Q�D�O�\�]�H �W�K�H �P�D�Q�L�I�R�O�G �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �L�Q �Q�H�X�U�D�O �G�D�W�D�� �S�D�U�W�L�F�X��

�O�D�U�O�\ �L�Q �G�L�¸�I�H�U�H�Q�W �D�U�H�D�V �R�I �W�K�H �E�U�D�L�Q ���L���H�� �R�E�M�H�F�W �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �L�Q �G�L�¸�I�H�U�H�Q�W �V�W�D�J�H�V �R�I �W�K�H �Y�L�V�X�D�O �K�L�H�U�D�U�F�K�\
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�,�Q�S�X�W �O�D�\�H�U �D�F�W�L�Y�L�W�\ �L�V�I �G�L�P�H�Q�V�L�R�Q�D�O �D�Q�G �R�U�J�D�Q�L�]�H�G �D�V �P�D�Q�L�I�R�O�G�V �V�X�F�K �W�K�D�W �W�K�H�\ �F�D�Q �E�H �G�H�V�F�U�L�E�H�G �D�V

�]µ�L�Q= �[�åµ + �M
! �?

�d= �ù�n�d�X
µ
�d + R�I �Z�K�H�U�H �V�X�E�V�F�U�L�S�W �#�L�Q�# �G�H�Q�R�W�H�V �L�Q�S�X�W �O�D�\�H�U���[µ�å���X

µ
�L���V���M�D�U�H �I�U�R�P����

�:�H �G�U�D�Z �D �V�H�W �R�I �L���L���G���� �U�D�Q�G�R�P �V�S�D�U�V�H �E�L�Q�D�U�\ �O�D�E�H�O�V{ �tµ�d} ���Z�K�H�U�H�d= �ù, ..., �H���H �E�H�L�Q�J �W�K�H �G�L�P�H�Q��

�V�L�R�Q�D�O�L�W�\ �R�I �W�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U�� �Z�L�W�K �S�U�R�E�D�E�L�O�L�W�\�a�R�I �E�H�L�Q�J�ù�� �7�K�H �R�X�W�S�X�W �R�I �W�K�H�d���W�K �Q�R�G�H�V �L�Q �W�K�H

�L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U �L�V �E�L�Q�D�U�\�å, �ù�Z�L�W�K�u�d= � 
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�Z�K�H�U�H�  (�s) �L�V �+�H�D�Y�L�V�L�G�H �V�W�H�S �I�X�Q�F�W�L�R�Q��

�7�K�H �Z�H�L�J�K�W �Y�H�F�W�R�U �W�R �W�K�H�d�W�K �Q�R�G�H���9(�d) �� �D�Q�G �E�L�D�V���]�d�D�U�H �I�R�X�Q�G �D�V �D �P�D�[ �P�D�U�J�L�Q ���6�9�0�� �V�R�O�X�W�L�R�Q �I�R�U

�?���G�L�P�H�Q�V�L�R�Q�D�O �E�D�O�O�V �W�R �W�K�H �V�H�W �R�I �O�D�E�H�O�H�G �S�D�L�U�V{ �]µ�L�Q, �tµ�d} �� �X�V�L�Q�J �W�K�H �V�D�P�H �P�H�W�K�R�G �D�V �L�Q �$�O�J�R�U�L�W�K�P����

�,�Q �)�L�J���������� �W�K�H �Q�H�W�Z�R�U�N �V�L�]�H �X�V�H�G �Z�D�V�I = �H = �é�å�å�� �,�Q�L�W�L�D�O �W�U�D�L�Q�L�Q�J �G�D�W�D �I�R�U �W�K�H �6�9�0 �V�R�O�Y�H�U �I�R�U

�V�S�K�H�U�H�V �K�D�G�h = �æ�? �V�D�P�S�O�H�V �S�H�U �P�D�Q�L�I�R�O�G�� �D�Q�G �W�K�H�Q �P�R�U�H �S�R�L�Q�W�V �Z�H�U�H �D�G�G�H�G �X�Q�W�L�O �W�K�H �L�W�H�U�D�W�L�R�Q �F�R�Q��

�Y�H�U�J�H�G ���$�O�J�R�U�L�W�K�P������ �7�K�H �R�X�W�S�X�W �Q�R�G�H �L�V �D �O�L�Q�H�D�U �U�H�D�G�R�X�W �R�I �W�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q��

�u�j�p�o= �V�L�J�Q
7
ø�r áø�u+ �]�a

8
�� �>�:�H �X�V�H �R�Y�H�U�O�L�Q�H �W�R �G�H�Q�R�W�H�H���G�L�P �Y�H�F�W�R�U�V���@ �7�K�H �Z�H�L�J�K�W �Y�H�F�W�R�U �I�U�R�P �V�H�F�R�Q�G

�O�D�\�H�U �W�R �W�K�H �R�X�W�S�X�W �Q�R�G�H��ø�r �� �D�Q�G �E�L�D�V���]�a���Z�K�H�U�H �V�X�E�V�F�U�L�S�W�a�V�W�D�Q�G�V �I�R�U �¹�­�Q�D�O���� �L�V �W�U�D�L�Q�H�G �D�V �D�Q �6�9�0
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�V�R�O�X�W�L�R�Q �W�R �V�H�W �R�I �W�K�H �O�D�E�H�O�H�G �S�D�L�U�V��{ �]µ , �tµ�j�p�o} �� �Z�L�W�K �W�K�H �W�D�V�N �G�H�Q�V�H �O�D�E�H�O�V�tµ�j�p�o= ± �ù�Z�L�W�K�a= �å.�é�� �)�R�U

�G�H�W�D�L�O�V�� �V�H�H �$�O�J�R�U�L�W�K�P����

�!�o�0�†�v�|�m�;�v�v �|�o ���m�r�†�| ���o�b�v�;

�2�Q�F�H �W�K�H �W�Z�R �O�D�\�H�U�H�G �Q�H�W�Z�R�U�N �L�V �I�X�O�O�\ �W�U�D�L�Q�H�G ���Z�L�W�K�R�X�W �D�G�G�L�W�L�Y�H �Q�R�L�V�H���� �Z�H �H�Y�D�O�X�D�W�H �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �R�I

�H�U�U�R�U �L�Q �W�K�H �R�X�W�S�X�W �E�\ �D�G�G�L�Q�J �D�G�G�L�W�L�Y�H �I�X�O�O���U�D�Q�N �J�D�X�V�V�L�D�Q �Q�R�L�V�H ���Z�L�W�K �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I1�Q�R�L�V�H�� �W�R

�H�D�F�K �L�Q�S�X�W �Q�R�G�H �D�Q�G �P�H�D�V�X�U�L�Q�J �W�K�H �R�X�W�S�X�W �Q�R�G�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �H�U�U�R�U �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �Y�D�U�L�D�Q�F�H �R�I

�W�K�H �Q�R�L�V�H�� �)�R�U���������F���� �D�E�R�X�W ������ �V�D�P�S�O�H�V �S�H�U �P�D�Q�L�I�R�O�G ���h�� �Z�H�U�H �X�V�H�G �D�Q�G �Q�X�P�E�H�U �R�I �W�U�L�D�O�V �Z�D�V ���� �)�R�U

�G�H�W�D�L�O�V�� �V�H�H �$�O�J������

�!�o�0�†�v�|�m�;�v�v �|�o ���o�b�v�; �b�m �|�_�; ���m�|�;�u�l�;�7�b�-�|�; ���-�‹�;�u

�:�H �W�H�V�W �W�K�H �U�R�E�X�V�W�Q�H�V�V �W�R �W�K�H �L�Q�W�U�R�G�X�F�W�L�R�Q �R�I �V�P�R�R�W�K �V�L�J�P�R�L�G�D�O �X�Q�L�W�V �L�Q �W�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U�� �E�\

�¹�­�U�V�W �H�Y�D�O�X�D�W�L�Q�J �W�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �Z�H�L�J�K�W �P�D�W�U�L�[�Q�W�R �J�H�Q�H�U�D�W�H �D �V�S�D�U�V�H �E�L�Q�D�U�\ �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �L�Q �W�K�H

�L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U�� �$�I�¿�H�U �W�U�D�L�Q�L�Q�J �R�I �W�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U�� �Z�H �U�H�S�O�D�F�H �W�K�H �+�H�D�Y�L�V�L�G�H �V�W�H�S �I�X�Q�F�W�L�R�Q �R�I

�W�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U �Q�R�G�H�V �Z�L�W�K�¦ �O(�s) =
4
�ù+ � !̀ �s/ �O

5! �ù
�� �Z�K�L�F�K �F�D�Q �E�H �L�Q�W�H�U�S�U�H�W�H�G �D�V �W�K�H �U�H�V�X�O�W

�R�I �V�P�R�R�W�K�L�Q�J �W�K�H �E�L�Q�D�U�\ �I�X�Q�F�W�L�R�Q �E�\ �V�W�R�F�K�D�V�W�L�F �Q�R�L�V�H�� �7�K�H �U�H�D�G�R�X�W �Z�H�L�J�K�W�V �D�U�H �F�D�O�F�X�O�D�W�H�G �D�V �6�9�0

�V�R�O�X�W�L�R�Q�V �W�R �W�K�H �W�K�H �G�H�Q�V�H�O�\ �O�D�E�H�O�H�G �W�D�V�N �S�D�L�U�V{ �]µ , �tµ�j�p�o} �Z�K�H�U�H�]µ �D�U�H �W�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U �V�L�J�P�R�L�G�D�O

�U�H�V�S�R�Q�V�H�V �W�R �V�D�P�S�O�H�G �L�Q�S�X�W�V���)�R�U���������G�����D�E�R�X�W�ù�å�å�V�D�P�S�O�H�V �S�H�U �P�D�Q�L�I�R�O�G �Z�H�U�H �X�V�H�G �D�Q�G �Q�X�P�E�H�U �R�I

�W�U�L�D�O�V �Z�D�V ���� �7�K�H �H�¸�I�H�F�W �R�I �W�K�H �V�P�R�R�W�K�Q�H�V�V �R�I �W�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �O�H�Y�H�O �R�Q �W�K�H �F�O�D�V�V�L�¹�­�F�D�W�L�R�Q �S�H�U�I�R�U�P�D�Q�F�H �R�I

�W�K�H �E�L�Q�D�U�\ �R�X�W�S�X�W �X�Q�L�W �L�V �P�H�D�V�X�U�H�G �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �J�D�L�Q �S�D�U�D�P�H�W�H�U�O�� �)�R�U �G�H�W�D�L�O�V�� �V�H�H �$�O�J�R�U�L�W�K�P
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�$�O�J�R�U�L�W�K�P �� �3�V�H�X�G�R�F�R�G�H �I�R�U �7�Z�R���/�D�\�H�U �1�H�W�Z�R�U�N �I�R�U �,�Q�Y�D�U�L�D�Q�W �0�D�Q�L�I�R�O�G�V �&�O�D�V�V�L�¹�­�F�D�W�L�R�Q
�,�Q�L�W�L�D�O�L�]�H��

�[�åµ , �a�Xµ 2 �I�j�m�h(�å, �ù) ��µ = �ù, ..., �K�� �>�6�D�P�S�O�H �F�H�Q�W�H�U�V �D�Q�G �G�L�U�H�F�W�L�R�Q �Y�H�F�W�R�U�V�@
�tµ�R�X�W2 �V�L�J�Q{ �8�Q�L�I(! �ù, �ù)} ��µ = �ù, ..., �K�� �>�6�D�P�S�O�H �G�H�Q�V�H �O�D�E�H�O�V �I�R�U �P�D�Q�L�I�R�O�G�V �I�R�U �R�X�W�S�X�W

�O�D�\�H�U�@

�7�U�D�L�Q �9 ���,�Q�S�X�W �W�R �,�Q�W�H�U�P�H�G�L�D�W�H �/�D�\�H�U����
�n�f,µ�d 2 �8�Q�L�I(! �ù, �ù) �D�Q�G||"�n�f,µ || = �ù�d= �ù...�?���f = �ù, ..., �h��µ = �ù...�K�� �>�6�D�P�S�O�H�h

�F�R�H�¸�¹�­�F�L�H�Q�W �Y�H�F�W�R�U�V �I�U�R�P �H�D�F�K �P�D�Q�L�I�R�O�G�@
�U�H�S�H�D�W���I�R�U�e= �ù, ..., �H �>�I�R�U �H�D�F�K �Q�R�G�H �L�Q �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U�@

(�tµ)(�e) 2 �K(�tµ) = �a#(�tµ ! �ù) + ( �ù! �a)#(�tµ + �ù). ��µ = �ù, ..., �K�� �>�6�D�P�S�O�H �V�S�D�U�V�H
�O�D�E�H�O�V �I�R�U �P�D�Q�L�I�R�O�G�V �I�R�U �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U�@

�9(�e) , �](�e) � �H�è
�=���[�å

µ , �a�Xµ, (�tµ)(�d) , �M���h� � � >�H�è
�= : �H�è�D�O�J�R�U�L�W�K�P �I�R�U�G�æ�E�D�O�O�V�� �V�H�H �&�K�D�S�W�H�U

���@
�H�Q�G

�7�U�D�L�Q �Z ���,�Q�W�H�U�P�H�G�L�D�W�H �W�R �2�X�W�S�X�W �/�D�\�H�U����
�n�f,µ�d 2 �8�Q�L�I(! �ù, �ù) �D�Q�G||"�n�f,µ || = �ù�I�R�U �D�O�O�d, �f, µ
�]�f,µ�d�i = �[�åµ + �M

! �?
�d= �ù�n

�f,µ
�d �Xµ�d �I�R�U �D�O�Oµ, �f �>�6�D�P�S�O�H�h �S�R�L�Q�W�V �R�Q �H�D�F�K �P�D�Q�L�I�R�O�G ���¹�­�U�V�W �O�D�\�H�U

�D�F�W�L�Y�L�W�\���@
�u�f,µ�d = � 

7
�9(�d) á�]�L�Q

�f,µ + �]�d
8

�I�R�U �D�O�O�d= �ù, ..., �H �D�Q�G�f, µ �>�,�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U �D�F�W�L�Y�L�W�\�@
ø�r, �]�a = �V�Y�P�V�R�O�Y�H�U(ø�u�f,µ , �t�f,µ�j�p�o) �>�)�L�Q�G �6�9�0 �V�R�O�X�W�L�R�Q �Z�L�W�K �,�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U �D�F�W�L�Y�L�W�\ �D�Q�G

�G�H�Q�V�H �O�D�E�H�O�V���@

�7�H�V�W �5�R�E�X�V�W�Q�H�V�V �W�R �,�Q�S�X�W �1�R�L�V�H ���I�R�U* �Q�R�L�V�H��
�n�f,µ�d 2 �8�Q�L�I(! �ù, �ù) �D�Q�G||"�n�f,µ || = �ù�I�R�U �D�O�O�d, �f, µ
�]�f,µ�d�i = �[�åµ + �M

! �?
�d= �ù�n

�f,µ
�d �Xµ�d + &�� �Z�K�H�U�H& 2 �I�j�m�h(�å, * �Q�R�L�V�H�D) �I�R�U �D�O�Oµ, �f �>�6�D�P�S�O�H�h

�S�R�L�Q�W�V �R�Q �H�D�F�K �P�D�Q�L�I�R�O�G �Z�L�W�K �D�G�G�L�W�L�Y�H �*�D�X�V�V�L�D�Q �Q�R�L�V�H ���L�Q�S�X�W �O�D�\�H�U �D�F�W�L�Y�L�W�\ �Z�L�W�K �Q�R�L�V�H���@
�u�f,µ�d = � 

7
�9(�d) á�]�L�Q

�f,µ + �]�d
8

�I�R�U �D�O�O�d, �f, µ
�u�f,µ�j�p�o= �V�L�J�Q

7
ø�r áø�u�f,µ + �]�a

8

�U�H�W�X�U�Q��' �B =
6

�ù
�è

-
�u�f,µ�j�p�o! �t�f,µ�j�p�o

. �æ
9

�f,µ, �W�U�L�D�O�V
�7�H�V�W �5�R�E�X�V�W�Q�H�V�V �W�R �1�R�L�V�H �L�Q �W�K�H �,�Q�W�H�U�P�H�G�L�D�W�H �/�D�\�H�U ���I�R�U�O" �å��

�n�f,µ�d 2 �X�Q�L�I(! �ù, �ù) �D�Q�G||"�n�f,µ || = �ù�I�R�U �D�O�O�d, �f, µ
�]�f,µ�d�i = �[�åµ + �M

! �?
�d= �ù�n

�f,µ
�d �Xµ�d �I�R�U �D�O�Oµ, �f

�u�f,µ�d = �¦ �O
7
�9(�d) á�]�L�Q

�f,µ + �]�d
8

�I�R�U �D�O�O�d, �f, µ �>�8�V�H �V�P�R�R�W�K �V�L�J�P�R�L�G �I�R�U �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U�@
ø�r, �]�a, ! �P�D�U�J�L�Q= �V�Y�P�V�R�O�Y�H�U(ø�u�f,µ , �t�f,µ�j�p�o) �>�6�9�0 �V�R�O�X�W�L�R�Q �I�R�U �L�Q�W�H�U�P�H�G�L�D�W�H �O�D�\�H�U �D�F�W�L�Y�L�W�\ �D�Q�G

�O�D�E�H�O�V�@
�U�H�W�X�U�Q��! �R�X�W�S�X�W5 ! �P�D�U�J�L�Q�>�2�X�W�S�X�W �P�D�U�J�L�Q �Z�L�W�K �6�9�0 �V�R�O�X�W�L�R�Q�@������



���_�-�r�|�;�u �u
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�u�:�• ���o�|�-	ž�o�m�v

�I �$�P�E�L�H�Q�W �'�L�P�H�Q�V�L�R�Q �I�R�U �'�D�W�D

�K �1�X�P�E�H�U �R�I �0�D�Q�L�I�R�O�G�V

�? �(�P�E�H�G�G�L�Q�J �'�L�P�H�Q�V�L�R�Q

# �0�D�U�J�L�Q

�M �5�D�G�L�X�V �R�I �D �E�D�O�O

�M�d �d�W�K �U�D�G�L�X�V �R�I �D�Q �H�O�O�L�S�V�R�L�G ���d= �ù, ...�? �I�R�U�? �G�L�P�H�Q�V�L�R�Q�D�O �H�O�O�L�S�V�R�L�G��

" = �K/ �I �/�R�D�G ���1�X�P�E�H�U �R�I �0�D�Q�L�I�R�O�G�V���K���$�P�E�L�H�Q�W �'�L�P�H�Q�V�L�R�Q���I ��

" �> �&�U�L�W�L�F�D�O �F�D�S�D�F�L�W�\ ���J�H�Q�H�U�D�O �H�[�S�U�H�V�V�L�R�Q��

" �B��" �å �*�D�U�G�Q�H�U�#�V �S�H�U�F�H�S�W�U�R�Q �F�D�S�D�F�L�W�\ �I�R�U �S�R�L�Q�W�V

" �G �&�D�S�D�F�L�W�\ �I�R�U �/�L�Q�H �6�H�J�P�H�Q�W�V
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" �=��" �=�æ �&�D�S�D�F�L�W�\ �I�R�U�G�æ�%�D�O�O�V

" �=�k �&�D�S�D�F�L�W�\ �I�R�U�G�k�%�D�O�O�V

" �@ �&�D�S�D�F�L�W�\ �I�R�U �(�O�O�L�S�V�R�L�G�V

" �H �&�D�S�D�F�L�W�\ �I�R�U �*�H�Q�H�U�D�O �0�D�Q�L�I�R�O�G�V

" �d�o�`�m �&�D�S�D�F�L�W�\ �I�R�U �*�H�Q�H�U�D�O �0�D�Q�L�I�R�O�G�V" �H �I�R�X�Q�G �Y�L�D �L�W�H�U�D�W�L�Y�H �D�O�J�R�U�L�W�K�P

" || �&�D�S�D�F�L�W�\ �I�R�U �3�D�U�D�O�O�H�O �0�D�Q�L�I�R�O�G�V

µ, �k �,�Q�G�H�[ �R�I �W�K�Hµ�W�K ���k�W�K�� �P�D�Q�L�I�R�O�G

�[ �3�R�L�Q�W �R�Q �D �P�D�Q�L�I�R�O�G

�[�å �&�H�Q�W�H�U �R�I �D �P�D�Q�L�I�R�O�G

�X�L �d�W�K �E�D�V�L�V �Y�H�F�W�R�U �R�I �D �P�D�Q�L�I�R�O�G ���d= �ù, ..., �?��
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�&�R�Q�V�L�G�H�U �D �S�H�U�F�H�S�W�U�R�Q �Z�L�W�K�K�L�Q�S�X�W �S�R�L�Q�W�V�[µ + R�I �D�Q�G�K�O�D�E�H�O�V�tµ = ± �ù��µ = �ù, ..., �K�� �$�V�V�X�P�H
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